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Chapter 1

Compactness

Definition. Let X be a metric space. A subset U C X is open if for all x € U there
exists 6 > 0 such that Bs C U.

Definition. An open cover of X is a collection {U, : v € '} of open sets U, such that
X C U er Uy

Definition. X is compact if every open cover has a finite subcover.

Remark. If you want to cover [0, 1]?, rational points will not do as midpoints for balls.
In fact, the Lebeque measure of the union of such balls can be made arbitrarily small.

Definition. X is sequentially compact if every sequence (z,,)2%; in X has a convergent
subsequence.

Recall the Heinel-Borel theorem, stating that [0,1] is compact, and the Bolzano—
Weierstrass theorem, stating that [0, 1] is sequentially compact.

Example. U C R” is compact and sequentially compact if and only if it is closed and
bounded. This is not true for the infinite-dimensional Hilbert space I3, e.g. take the
vectors e; for 1 <4 < co. This sequence has no convergent subsequence.

Fact. (i) [0, 1] is compact, and sequentially compact.

(ii) Any product of compact sets is compact (in any sensible metric on the product
set, i.e. one that gives rise to the product topology).

(iii) A subset of R™ is compact if and only if it is closed and bounded.
(iv) A closed subset of a compact set is compact.
(v) A compact subset of a metric space is closed.
(vi) A subset of a metric space is compact if and only if it is sequentially compact.
(vii) Let X be a compact metric space and let f : X — R be continuous. Then f is
bounded and attains its bounds.

(viii) A continuous image of a compact set is compact.

(ix) Let X be a metric space, let K C X be compact. Let ' C X be closed and
suppose that K C F = (). Then there exists 6 > 0 such that d(z,y) > 0 for all
ze K,yeF.



2 Compactness

1.1 A proof of the intermediate value theorem via a
compactness argument

Lemma 1.1 (Intermediate value theorem, discrete version). Let f :{0,1,2,...,n} —
R be a function such that f(0) < 0 and f(n) > 0. Then there exists m such that
flm—=1) <0 and f(m) > 0.

Proof 1. Let m be minimal such that f(m) > 0. Then f(m —1) <0. O

Proof 2. Define a function g : {0,1,...,n} — R by

)1 if f(m) >0
g(m)_{o it f(m) <0

Then

l=g => g(m)—g(m—1).

m=

—

Hence there exists m such that g(m) — g(m — 1) > 0, so it equals 1, so g(m) = 1,
g(m—1)=0. O

Theorem 1.2 (Intermediate value theorem). Let a < b and let F : [a,b] — R be
continuous with F'(a) < 0 and F'(b) > 0. Then there exists ¢ € (a,b) such that F(c) = 0.

Proof. For each n, define f,, : {0,1,...,n} — R by
fo(m) = F(a+ 3(b—a)).

Then by Lemma 1.1 we can find some x,, (of the form a+m/n(b—a)) such that F(z,) > 0
and F(z,—1/n(b—a)) < 0. Applying Bolzano—Weierstrass gives a subsequence (z,, )72,
that converges to ¢, say.

Then x,, — (b —a)/ny — c as well. Then F(x,,) — F(c) as F is continuous. So does
F(zp, — (b—a)/ng). Since F(x,,) > 0 and F(z,, — (b —a)/ng) < 0, F(c) > 0 and
F(e) <0. O

Theorem 1.3 (Brouwer’s fixed-point theorem). Let D be the closed unit disc in R? and
let f: D — D be continuous. Then there exists € D such that f(z) = .

Theorem 1.4 (No continuous retractions). Let 0D be the boundary of D. Then there
is no continuous function f: D — 9D such that f(z) = x.

Theorem 1.5. Let T" be a triangle with sides I, J, K. Let A, B,C be closed sets such
that C A, JC B, KCcCand T C AUBUC. Then AN BNC # 0.

J



Theorem 1.6 (No continuous quasi-retractions). There is no continuous function f :
T — 9T such that for all f(I) C I, f(J) C J and f(K) C K.

Now we shall prove that theorems 1.3, 1.4, 1.5, 1.6 are equivalent.

Proof. |1.3 = 1.4] Suppose that f : D — 0D is a continuous retraction. Then let p
be a non-trivial rotation. Then, for all x € D, po f(x) # x. Also po f is continuous as
p and f are.

[1.4 = 1.3] Let f: D — D be a continuous map with no fixed point. For each z € D
let g(z) be the point where the line from f(z) to x hits the boundary.

The line is uniquely defined because f(z) # z. Then if z € dD, g(z) = z. (Sketch
argument to show that ¢ is continuous: Let € > 0, pick an “interval” on D of radius
e > 0 around g(z). Draw a cone with a vertex on the line segment from z to f(x). Choose
n > 0 such that B, (f(x)) is inside the cone, choose § > 0 such that f(Bs(z)) C By(f(x))
and Bs(x) inside the cone. Then g(Bjs(z)) C B:(g(z)). See Example Sheet 1.)

Co7 s
g9() '

[1.3 = 1.6] Suppose Theorem 1.6 is false.
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I

(Draw the line from 0 through x to 9T, take the ratio of the full line to the line segment
from 0 to D, multiply Oz by this ratio.) Let ¢ : D — T be a homeomorphism such
that for every point « € D, the line from the centre 0 of D to x is the same as the line
from 0 to ¢(z) and such that ¢(0D) = OT. Now let g : D — D be the map ¢~ f¢. If
x € ¢~ 1(I) (which is a 120° arc of D) then ¢(x) € I. Therefore, fé¢(x) € I (by property
of f), hence g(z) = ¢~ L fop(x) € d~1(I). Sog: ¢~ 1(I) — ¢~ 1(I). Similarly for J and K.
Also, for every x € D, ¢(z) € T, hence fo(x) € 9T, so ¢~ f¢p(x) € dD. Also, g is
continuous. Let 7w be a 180° rotation. Then 7 o g has no fixed point, contradicting
Theorem 1.3.

[1.5 = 1.6] Let f : T — OT be continuous functionsuch that f(I) C I, f(J C J,
f(K)C K. Let A= f~Y(I), B= f~1(J), C = f~Y(K). Since I, J, K are closed and f
is continuous, A, B, C are closed. Forallz € T, f(z) € 0T = IUJUK, so AUBUC =T.
Also, since INJNK =0, AN BNC = (), contradicting Theorem 1.5.

[1.6 = 1.5] Let us regard T as the set {(z,y,2) ER3:2,y,2>0 A 2 +y+2z=1}

Z
y
0,0, (0,1,0)
J K
(1;0.,0) v

Let I be the edge x = 0, J the edge y = 0, K the edge z = 0. (Thus, a typical point on I
looks like (0,A\,1—X), 0 < X < 1.) Assume that A, B, C are closed sets, ' C AUBUC,
ICA JCB, KCcC,AnBNC =0. Given z = (z,y,2) € T, let f(z) be the point

(d(z,A),d(z,B),d(z,C))
d(z,A) +d(z,B) +d(z,C)’

We must be sure that d(z, A) + d(z, B) + d(z,C) # 0. For each x, there is at least
one of A, B,C to which is does not belong. Since A, B,C are closed, this implies that
one of d(z, A),d(x, B),d(x,C) is positive. Also, they are all non-negative. We therefore
have that f(x) is a well-defined point of 0T f is a quotient of continuous functions, the



denominator of which is never 0, so f is continuous. If z € I then = € A, so d(x, A) =0,
so f(x) € I. Similarly for J, K, so we have contradicted Theorem 1.6.

[1.6 = 1.4] Suppose that f : D — 0D is a continuous retraction. Let g : T —
oT, g = ¢f¢~ ', where ¢ : D — T is the homeomorphism discussed earlier. ¢ is a
composition of continuous functions, so continuous. If z € T then f¢~1(x) € 4D, so
g(z) = ¢pfp~1(x) € OT. If x € OT then ¢ (z) € OD, so f¢ 1 (x) = ¢~ !(x), hence
g(z) = ¢p¢~'(x) = 2. So g is a continuous retraction from T to OT. In particular,
g(I)C I, g(J)CJ, g(K)C K, contradicting Theorem 1.6. O

1.2 The discrete version of Theorem 1.5

Let T be a triangle. The nth triangular subdivision of T, or nth triangular grid, is the
decomposition of T" into smaller triangles, each an nth of the size of T' (in each direction,
some upside down).

VAVAVAVAN

The 4th triangular subdivision.

Theorem 1.7. Let T be a triangle with edges I, J and K and let it be divided up into
a triangular grid. Let the vertices of T' be coloured with three colours R, B, G (red, blue,
green) such that every vertex in I is red or blue, every vertex in J is blue or green, and
every vertex in K is green or red. Then there is a triangle of the grid such that all its
vertices have different colours.

Proof. Given an edge of the grid, and a direction on that edge, we assign a value as
follows.

Colour of v Colour of v Value of uv

=
=

0

QO QW wWwxEH
WxmaQxmaownw
—_
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Suppose that a triangle is not multicoloured. Then the sum of the values of the edges
going round anticlockwise is 0 (if all colours same, you get 0 + 0 + 0; and if two same
and one different, you get 0 + 1 — 1). If it is multicoloured, then this sum is 3 or —3.
Call this sum the value of the little triangle.

But we can write out the sum of the values of the triangles.

The contribution to this sum from any internal edge of the grid is 0, since it belongs to
two triangles and is given opposite directions by them.

The sum of the contributions of the edges along a big edge of T is 1.

So the total sum for T equals 3. In particular, not all triangles have value 0, so there is
a multicoloured triangle. O

Proof of Theorem 1.5. For each n, take the nth triangular subdivision of 7. For each
vertex x of the triangular grid, colour it in such a way that if x is coloured red then
x € A, if blue then z € B, if green then z € C. Do this in such a way that all vertices
in I are red or blue, in J are blue or green, and in J are green or red, such that the
conditions of the discrete theorem are satisfied.

Then we have a multicoloured triangle. Let its vertices be z,, yn,2,. By Bolzano-
Weierstrass, we can find a convergent subsequence (z, ) of (z5). Suppose that z,, — .
Since the radii of the triangles in the grid tend to 0 as n — o0, yp, — , 2z, — x. But
T, € A, Yn, € B, zp, € C, A,B,C closed, soz € ANBNC. O

We will soon give a proof of the retraction version using the idea of winding numbers.

G

R I B

At r = 0, go around 0 zero times. At r = 1 go around 0 once. Somewhere there must
be a jump from zero times to once. This is a contradiction if we show that this is a
continuous process.

Lemma 1.8. Let X be a compact metric space, Y a metric space, f : X — Y continuous.
Then f is uniformly continuous.

Proof 1. (Using sequential compactness.) If not, then
Je>0 Y6>0 3Fz,y d(z,y) >0 AN d(f(z), fly)) >e.
Fix such an €. Then

Vn e N Jx,,yn d(zn,yn) < % A d(f(zn), f(yn)) > €.



Then the sequence (z,) has a convergent subsequence (z,,)%>,. Let z,, — x.
Then y,, — x (since d(zpn,,yn,) < 1/ng). Since f is continuous, f(zy,)— f(x),
f(yn,) — f(z), contradicting the fact that d(f(zy,), f(yn,) > € for all k € N. O

Proof 2. (Using compactness.) We know that

Ve>0 Vo 36,>0 Vy d(z,y) <20, = d(f(z),f(y)) <

N[

Let € > 0. Then the balls Bs, (x) form an open cover of X. Since X is compact, we can
find z1,..., 2y, such that X = J;", B, (x;). Write 6; for 0,,. Let § = minj<;<y, d;.

Suppose that d(x,y) < 0. We know that z € By, (x;) for some i. Since d(x,y) < d < 6;
we have y € Bas, (z;) by the triangle inequality. It follows by our choice of d; that

d(f (@), ) < §5 A d(f(). fl) < 5.

So by the triangle inequality again d(f(x), f(y)) < €. Since for every € > 0 we found
4 > 0 with

d(z,y) <6 = d(f(z), f(y)) <e,

we have shown that f is uniformly continuous. O

1.3 The degree of a closed curve about a point

For convenience we shall identify R? with C in the obvious way. However, we shall not
use any ideas from Complex Analysis.

Let z € C,z # 0. A value of arg(z) is a real number @ such that z = |z]e”®. Note that if
0 is a value of arg(z) then ¢ is a value of arg(z) if and only if (¢ — 0)/(27) is an integer.

Let a € R, let X C C be the set of all z of the form re? with r >0, a —7 < 6 < a + 7.
For each z € X there is exactly one way of writing z = re? with a — 7 < 6 < a + 7.
Write arg,(z) for this 6, i.e. arg,(z) is the unique value of arg(z) within 7 of a.

|
4

Lemma 1.9. The function arg, is continuous on X.

Proof. Let re'? and se*® be two points in X. (We do not make assumptions about # and
¢ yet.)
]rew — se?2 = (re?? — se')(re ¥ — se7?)
=72+ s%— rs(e’w*d’) + e*i(ef‘ﬁ))
= (r —5)? + 2rs(1 — cos(f — ).

Hence if [re?® — se'| is sufficiently small, 7 and s must be approximately equal (so in
particular s > r/2) and that 1 — cos(6 — ¢) is small, so § — ¢ is approximately a multiple
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of 2r. Therefore, if §,¢ € (a — m,a + 7) we must have § ~ ¢. (Note that we first fix
re? ¢ X¢ then pick e > 0 such that B.(re®) is strictly on one side of the branch cut,
then se’® cannot be on the other of the branch cut, hence we cannot have 6 ~ a — ,

~ a + 7, so we must have 6 ~ ¢ instead.) O

Corollary 1.10. Let f : [0,1] — X be a continuous function. Then there is a continuous
function 6 : [0,1] — R such that, for every ¢ € [0,1], 6(¢) is a value of arg f(t).

Proof. Define 0(t) to be arg,(f(t)). This is a composition of continuous functions, so it
is continuous. t

Theorem 1.11. Let f : [0,1] — C\ {0} be a continuous function. Then f has a
continuous choice of argument. That is, there exists a continuous function 6 : [0,1] — R
such that f(t) = |f(t)[e?’® for every t € [0,1]. Moreover, if #,¢ are any two such
functions, then there exists n € Z such that 0(t) — ¢(t) = 2n7w Vt € [0, 1].

Proof. Since [0, 1] is compact and f is continuous, f([0,1]) is compact, so it is closed. It
does not contain 0, so there must exist v > 0 such that |f(¢)| > v Vt € [0,1]. We also
have that f is uniformly continuous, so we can find § > 0 such that

s =t <6 = |f(s) = F(D)] <.

Let 0 = tp < t;1 < --- < t, = 1 be such that ¢t; —¢t,_1 < § for all ¢« = 1,2,...,n.
We shall prove inductively that for every k there is a continuous choice of argument
for the restriction of f to [to,tx]. If & = 0, the result is trivial. Let 0(tg) be any
value of arg(f(0)). Now suppose that @ is defined (and continuous etc.) up to tg. Let
a = 0(ty), so f(ty) = re'® for some r > 0 (r = |f(t)]). For every t € [tg,tr11], We have
|f(t) — f(tr)| <~ < |f(tx)| by our choices of ¢ and ~.

£(t)

In particular, if we let X be the set of all numbers of the form se’® such that s > 0
and a —pi < ¢ < a+ 7, then f(1) € X for every t € [tg,tg+1]. Corollary 1.10
tells us that arg, is a continuous choice of argument everywhere on [tg,tr4+1]. Also,
arg,(f(tx)) = a = 0(ty), so this continuous choice extends € up to txy1, completing the
induction.

(Uniqueness) If ¢ is another such function, then §— ¢ is continuous and (0(¢t) —¢(t))/(27)
is always an integer, since both 6(t) and ¢(t) are values of arg f(¢). Hence, by the
intermediate value theorem, 6 — ¢ is constant (and takes value 27n for some n). O



Definition. Let f: [0,1] — C\ {0} be a continuous closed path, that is, f(0) = f(1).
Then the winding number, or degree, of f about 01is (6(1) —6(0))/2x for any continuous
choice of 6 of arg f(t). (The uniqueness part of Theorem 1.11 implies that this is well-
defined.) We shall denote this by w(f,0). If z is some other point, then w(f, z) can be
defined as w(f — z,0).

Remark. This can be used as follows.

Iy )

If we can rigorously prove what the points are at which the positive z-axis is crossed,
then define a continuous choice of argument, e.g. from 0 to 27 between z; and xo and
27 to 47 between x2 and x;. Then rigorously w(f,0) = 2.

Lemma 1.12. Let f,h : [0,1] — C\ {0} be closed paths. Then w(fh,0) = w(f,0) +
w(h,0).

Proof. Let 6§ and ¢ be continuous choices of argument for f and h, respectively. For
each t € [0,1],

Fh(t) = F(©)R(E) = |f(DR(D)]* e,

80 6 + ¢ is a continuous choice of argument for fh. Thus,

o) P 6(1) — (6(0) + 6(0))

2 2w
=w(f,0) + w(h,0). O

Corollary 1.13 (Dog-walking lemma). Let f : [0,1] — C\ {0} be a closed path and let
g : [0,1] — C be a continuous function such that g(0) = ¢g(1) and |g(t)| < |f(¢)| for all
t €10,1]. Then w(f + g,0) = w(f,0).

Proof. Note

Let
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Then Rh(t) > 0, since |g(t)| < |f(t)]. Therefore, ¢t — argy(h(t)) is a continuous choice
of argument for h. But argy(h(1)) — argy(h(0)) = 0 since h(1) = Rh(0), so w(h,0) = 0.
Therefore,

w(f+9,0) =w(fh,0) =w(f,0) +w(h,0) =w(fO0). O

Definition. Let fp, f1 : [0,1] — C\ {0} be two closed paths. A homotopy between fy
and f; in C\ {0} is a continuous function F : [0, 1] — C\ {0} such that F(s,0) = F(s,1)
for all s, and F(0,t) = fo(t) and F(1,t) = fi(t) for all t. It is sometimes convenient to
write f4(t) for F(s,t), which is an intermediate closed path. If such an F' exists, then
fo and f1 are said to be homotopic.

Lemma 1.14. Let fo, f1 : [0,1] — C\ {0} be closed paths. If they are homotopic then
w(fo,0) = w(f1,0).

Proof. Let F : [0,1]2 — C\ {0} be a homotopy between fo and fi. Since [0,1]? is
compact, F([0,1]?) is compact so closed. Hence there exists a v > 0 such that |F(s,t)| >
~ for all s, t. Also, F' is uniformly continuous. Therefore, there is some § > 0 such that

(5= )2+ (t— V)2 <6 = |F(s,1) — F(s, )] <.

In particular, if |s — §'| < 0 then |F(s,t) — F(s',t)| < . Write f4(t) for F(s,t). Now
let 0 =59 < --- <8, =1 be such that s; — s;_1 < ¢ for each 7. Then, for each 7 and

each ta fSi(t) = f8i71(t) + (fsz(t) - fsi71(t))7 and |f5i71(t)| >, |fsz(t) - fsi—l(t)| <7, 80
by Corollary 1.13, w(fs;,0) = w(fs,_,,0). Therefore, w(fo,0) = w(f1,0). O

Corollary 1.15. Let f : D — C and let g : [0,1] — C be defined by g(t) = f(e2™).
Then if w(g,0) # 0, there must exist some z € D such that f(z) = 0.

Proof. Suppose that f(z) is never 0. Define F(s,t) to be f(se?™) for every (s,t) € [0,1]%.
Then F(s,0) = F(s,1) for every s. F is continuous as the composition of continuous
functions, F(1,t) = g¢(t), F(0,t) is constant at f(0) # 0. The winding number of a
constant function is 0, since any value of arg of the constant function is a continuous
choice. This contradicts Lemma 1.14. O

Corollary 1.16. There is no continuous retraction from D to dD.

Proof. Let f be such a function, and let g be as in Corollary 1.15. Then w(g,0) =
1, so there is some z such that f(z) = 0, contradicting the supposition that f is a
retraction. [

Corollary 1.17 (The Fundamental Theorem of Algebra). Let p : C — C be a non-
constant polynomial. Then there exists z € C such that p(z) = 0.

Proof. Let p(z) = apz"™ + an_12""' +--- + a1z + ag. Choose R > 1 such that |a,|R >
|an—1] + -+ |ap|. Then, if |z| = R, we have
lanz"| = |an|R™
> (lan_1| + -+ |aog))R™*
> |ap-1|R"™! + |ap—a| R*™% + - + |a1| R + |ao|

= |an—12"" "+ -+ |arz| + |ao]
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> Jan—12""" 4+ a1z + ag|.

Now let f : D — C be defined by f(z) = p(Rz). Let g(z) = an(Rz)", h(z) =
an—1(R2)" 1+ +ai(Rz)+ag. Then f(z) = g(z)+h(z) for every z, and |g(z)| > |h(2)|
whenever |z| = 1.

Let u,v,w : [0,1] — C be defined by u(t) = f(e2™), v(t) = g(e*™), w(t) = h(e*).
Then by Corollary 1.13, w(u,0) = w(v,0), since |w(t)| < |v(¢)| for all t. But v(t) =
an(Re*™) " = q, R"e*™ _ Let a, = qe'®. Then v(t) = qR"e!™+) 5o §(t) = 2mnt+«
is a continuous choice of argument for v. Therefore w(v,0) = n. Hence, w(u,0) = n, so
by Corollary 1.15, there is some z such that f(z) =0, so p(Rz) = 0. O

We also have another corollary. Let f :[0,1] — D from A to B, g : [0,1] — D from C
to D be as in the picture. Then they have to cross somewhere.

A

B

If f(s) # g(t) for all s, t then we can define u : [0,1]?> — D by setting u(s,t) to be the
point where the line from f(s) to g(t) hits 0D.

Hence u has a zero in [0, 1]2. Therefore, w(ulgp,1p2)0) = 1, contradiction.






Chapter 2

Polynomial approximation

Our first target is Weierstrass’s approximation theorem, which says that every continuous
function in a closed bounded interval can be uniformly approximated by polynomials.
The proof will use elementary probability, so we start by reviewing a few simple facts.

Lemma 2.1. Let X be a random variable with finite variance. Then Var X = E X2 —
(EX )2.

Proof. The variance of X is defined as E(X — E X)2. But

E(X -EX)?=E(X?-2XEX + (EX)?)
—EX?-2EXEX + (EX)?
—EX% - (EX)% O

Lemma 2.2. Let Xi,...,X, be pairwise independent random variables with finite
variance and let X = X7+ --- 4+ X,,. Then

Var X = Var X; +--- + Var X,,.

Proof.

Since ¢ < j implies X;, X; are independent,

2) E(X;X;)=2) EX;EX;.

i<j 1<j
Also
EX)P=EX;+--+EX,)? =) (EX,)’+2) EX;EX;
i=1 1<J
So
EX? - (EX)?=) EX}- (EX,)?) =) VarX, O

i=1 =1
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Now let X1,...,X, be independent Bernoulli variables with mean p. That is,

X 1 with probability p
* 10 with probability 1 — p

Corollary 2.3. Let Xi,...,X, be as above, X = X; 4+ .-+ X,,. Then EX = pn and
Var X = p(1 — p)n.

Proof.

EX = ZH:EXi =pn
i=1

Var X = ZVarXi = n Var X3
=1
=n(EX? — (EX))?)
=n(p — p?)
=np(l —p). O

Lemma 2.4 (Chebyshev’s inequality). Let X be a random variable with mean p and
variance 0. Then for every C' > 1

1
BlIX - p| > Co] < =

o2
Proof.
=E(X — n)* > (Co)*P[|X — p| > Co]
e.g. with indicator functions, |X — u| > Coljx_,>c,. Hence the result follows. O

Corollary 2.5. Let 0 <t < 1, let Xy,...,X, be independent Bernoulli variables of
mean t and let Y; = 1/n(X; +---+ X,,). Then for every § > 0 we have

1
PllY; —t| > 6] < —.
Vit 2 8] < —

Proof. The mean of Y; is t and the variance is (¢(1 —¢))/n < 1/n. Since § = fé/\f
we can apply Chebyshev’s inequality with C' = y/nd which gives the result.

Theorem 2.6 (Weierstrass’s approximation theorem). Let f : [0,1] — R be continuous
and let ¢ > 0. Then there exists a polynomial p such that |p(t) — f(t)| < € for every
t €0,1].

Proof. Let n be positive integer and let Y; be as in Corollary 2.5. Then, as we shall
show, E(f(Y;)) is a polynomial in ¢, and, if n is large enough,

E(f(Y2) - f()] <e

for every t € [0,1].
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To see that E(f(Y};)) is a polynomial, write it out. Notice that Y; takes values in the set
{o,2,2 .. 2=1 1} Hence

‘nm'n?

which is a polynomial of degree n in .

Why should we expect E(f(Y;)) to be close to f(t)? If n is large, then Corollary 2.5
implies that Y; is close to ¢ with high probability. Since f is continuous, this tells us
that f(Y;) is close to f(t) with high probability. To make this rigorous, we need to
use compactness. As [0, 1] is compact and f is continuous, f is bounded and uniformly
continuous. Hence, we can find M such that |f(¢)] < M for every t € [0,1], and for
given € > 0 there exists 6 > 0 such that |f(s) — f(¢)| < £/2 whenever |s — t| < 4.

If |Y; —t| <6 then |f(Y;) — f(t)| < &/2 by our choice of 6. Therefore,

1
né?’

PIlf(Ye) = f()] = 5] <

Let us choose n such that Then

1 < £

no2 aM

[Ef(Ye) = f(O)] = [E(f(Y2) — f(2)]
<E[f(Yy) — f(t)]

€ €
— 4+ —2M ==¢. O
<2+4M €

Remark. There is a much more general version, the Stone-Weierstrass Theorem. Our
proof does not carry over to general metric spaces and separating algebras of functions,
though.

Corollary 2.7. Let f :[0,1] — R be continuous. Then there is a sequence of polyno-

mials (p,)22, such that p, — f uniformly.

For the next part of the course a useful book is Fourier Analysis by T.W. Kérner.

Lemma 2.8. Let f : [a,b] — R be a continuous function and let p be a polynomial of
degree at most n. Suppose there exist a < ag < a1 < -++ < ap41 < b such that, writing

P = supye(oy | F(8) — p(D)], we have
flag) — plag) = (=1)Fr for every k € {0,1,...,n+ 1}
or f(ax) —play) = (=1)* 1 for every k € {0,1,...,n+1}.

Then p is the polynomial of degree at most n that minimises the distance sup;¢(q 4| f(t) —

p(t)], i.e. it gives the best uniform approximation among all polynomials of degree at
most n.

If p satisfies this condition, then it is said to satisfy the equal-ripple criterion.
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Proof. Suppose that p has the property and that ¢ is another polynomial of degree at
most 1 that gives a strictly better approximation, i.e. supc(q)|f(t) — q(t)] < 7. Let us
suppose that f(ay) — p(ag) = (—1)Fr (the other case is similar). Then we know that
for k even, f(ax) — p(ag) =, so f(ax) — q(ar) < r which implies that p(ag) < q(ag).
For k odd we have f(ar) — p(ar) = —r, so f(ar) — q(ar) > —r, so q(ax) < p(ar). So
between any ai and agy1, p(t) — q(t) changes sign. Hence, p — ¢ has a root in every
interval (ag,axy1), K =0,1,...,n. So it has at least n + 1 roots but degree at most n.
So p = g, contradiction. O

Now let us try to find the polynomial of degree less than n that best approximates "
on the interval [—1,1].

Lemma 2.9. cosnd is a polynomial of degree n in cos§, with leading term 2771

Proof.

cosnf = R(e™’) = R((cos f + isinh)™)

_ n n 2 n—4 s 4y
= cos" § — <2> 0 sin® 6 + (4) cos 0 sin* 0

= cos" 0 — (Z) s"726(1 — cos® 6)

+<4>c =191 — cos?0)? +

which is a polynomial of degree n in cos 6.

The leading term is 1 + (3) + (}) + (§) + -+ = 2", For example, this can be seen as
follows.

e ()4
e ()0
2”:2(1+<Z>+<Z>+m). O

Definition. Let us write T),(cos @) = cosnf. T, is the nth Chebyshev polynomiall.

From the definition we can read off a number of facts about the behaviour of T;,(x) for
-1 <z <1.

For example, if —1 < z < 1 then |T,,(z)] < 1. (Find 0 such that x = cosf. Then
T, (z) = cosnb.)

As 6 increases from 0 to m, cosf decreases from 1 to —1. If § = kn/n then cosnf =
coskm = (=1)¥. For k = 0,1,...,n let us set a; = cos(kw/n). Then 1 = ag > a; >
> a, = —1. Also, T,,(ax) = (1)

Now let us write Tp,(z) = 2" 2" — S, (z). Then S, is a polynomial of degree less
than n. Now S, is the best uniform approximatio to 2" 12" in the interval [~1, 1], since
|20 1zm — S, (z)] < 1 for every x € [—1,1] and we have just verified the equal-ripple
criterion. Dividing through by 2!, we find that 2=~ S, is always within 2-("=1 of
2™ in [—1,1], and that this is the best possible uniform approximation.
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Example. Consider the case n = 4.
cos 40 = cos* § — 6 cos® (1 — cos? 6) + (1 — cos? 6)?
=8cos*h —8cos?0 + 1

So, by the above general argument, the best uniform approximation to z* on [~1,1] by

a polynomial of degree less than 4 is 22 — %.

Note that
1
z z=-1,01
-2U4—(.’B2—é):{81 _:l:l ,
and note 1/v/2 is “half way” between 0 and 1 in the cos  sense.

2.1 Legendre polynomials and numerical integeration

Lemma 2.10. There is a sequence of polynomials pg, p1,... such that for each n € N
P, has degree n and

1
/ Dr(Bpa(t) de = 0

whenever m # n. Moreover, the polynomials are unique up to scalar multiples, i.e. if
40, q1, - - - also work then there are constants Ao, A1, ... with g,(x) = A\ppp(2).

Proof. Let us write (f,g) for fil f(t)g(t) dt, and ||f]|| for (f, f)1/2. Now let us choose
inductively a sequence pg, p1, . .. with the required properties, together with the property
that ||p,|| = 1. Suppose we have chosen po,p1,...,pn. (Note po is the constant 1/+/2.)
Let f(t) = t"*! and define Prp1 = f = > imo(fspi)pi- Then, if j <n,

n

Dhi1opi) = (F.05) = Y _(F. 1) (Dispj)

=0



18 Polynomial approzimation

n

= <fapj> - <f7pi>5ij

i=0
= (f,pj) — (f.pj) =0.
Now let ,
anrl
Pl =7 -
" [Fomy
Then [[pp4a| = 1.

To see that degp,+1 = n + 1, note that the polynomials pg,p1,... are orthogonal, so
linearly independent. Therefore, pg,...,p, span all polynomials of degree at most n.
But pn4+1 cannot lie in the space spanned by po, ..., pn, so has degree greater than n.

For the uniqueness part, note that p,41 has to satisfy n+1 independent linear conditions
(PiyPnt1) = 0 in an (n + 2)-dimensional vector space. Therefore, it must lie in some
fixed 1-dimensional subspace. O

Definition. p, is called the nth Legendre polynomial.

Note that, since degp,, = n for each n, the polynomials py, ..., p, span the space of all
polynomials of degree at most n. (The relevant system of simultaneous equations gives
rise to an upper triangular matrix with no zeros on the diagonal, so can be solved easily.
Alternatively, note that po, ..., p, are orthogonal, so linearly independent, so they span
by comparing dimensions.) As a consequence, we have the following very useful property
of Legendre polynomials.

1
/_ (Opalt) dt =0

whenever f is a polynomial of degree less than n. As we have just commented, f can
be written as Z?:_ol A\ipi, so this follows from the fact that (p;, p,) = 0 for i < n.

Now we are going to look at Gaussian quadrature, a method of approximating f_ll f(t)dt
by expressions of the form ;" | Aif(a;).

Lemma 2.11. Let —1 < a; < a9 < --- < ap < 1. Then there exist unique Ai,..., A\,

such that . .
/ )it = 3 (@)
- i=1

whenever f is a polynomial of degree less than n.

Proof. For each i let
L (t—a;
’I"Z(t): H];éz( ]).
Hj;éi(ai —a
Then 7;(a;) = 6;; and deg(r;) =n — 1. Then
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Hence, if we set
g(t) = flaj)ri(t),
j=1

we have that g is a polynomial of degree less than n, and f(a;) = g(a;) fori=1,... n.
So f — g has n roots, so f = g. Therefore,

/ 11 F(t) dt = / 11 g(t) dt

1 n

— / S° Fag)rs(t) at

-1 =

— :1 (/_11 r;(t) dt) Flay).

j
So we can take \j = fil r;(t) dt.

Now for the uniqueness part, let us suppose that Aq,..., A, are chosen. Then f_ll ri(t) dt
must be equal to

Z /\jri(aj) = )\z'- O
j=1
Claim. The n roots of p,, are distinct and lie in [—1,1].

Proof. Let —1 < a; < -+ < ap < 1 be the distinct crossing roots in [—1,1], i.e. the
points where the graph crosses the axis. Let ¢(t) = Hle (t — a;). Then g crosses the

axis exactly where p,, does, so ¢q(t)p,(t) never changes sign. So f_ll q(t)pn(t) dt #0, a
contradiction unless k = n. O

Theorem 2.12. Let —1 < a; < --- < ap < 1 be the roots of the nth Legendre

polynomial and let A1,..., A\, be as given by Lemma 2.11. Then

1 n
/ )it = 3 (@)
- i=1

whenever f is a polynomial of degree less than 2n.

Proof. If f is such a polynomial then we can write f(t) = Q(¢)pn(t) + R(t) with
deg (), deg R < n. Therefore,

1 1 1
/_lf(t) dt = /_IQ(t)pn(t) dt+/_1R(t) dt.

Since deg Q < n, the first part is 0, so

/_11 F(t) dt = /_11 R() dt.

As for Y7 Nif(aq), it is D0 MiQ(ai)pn(ai) + Y iy AiR(a;). But each py(a;) = 0, so
this is > | AiR(a;). Since deg R < n,

/1 R(t) dt = i)\zR(az) O
-1 i=1
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Theorem 2.13. Let -1 <a; <---<a, <1and \,...,\, be such that

1 n
/ )= 3 (@)
- =1

whenever f is a polynomial of degree less than 2n. Then aq,...,a, are the roots of the
nth Legendre polynomial p,.

Proof. Let p(t) = [, (t — a;). We would like to show that P is proportional to p,. By
the uniqueness of the construction of the p,, it is enough to show that f_ll p(t)f(t)dt =0
whenever f is a polynomial of degree less than n.

But pf is a polynomial of degree less than 2n, so

[ pos@) dt= 3" Nptafa) =0

-1
So the result follows. O

Lemma 2.14. Let aj,...,a, be the roots of the nth Legendre polynomial and let

Al,--.,An be such that
1 n
/ F&)dt ="y Nif(a:)
-1 i=1

for every polynomial f of degree less than 2n. Then

(1) 2oy A =2
(ii) A; >0 for all 7.
Proof. (i) Take the polynomial f(t) = 1.

(i) Let f(t) = [I;.(t — aj)®. Then f(a;) = 0if j # i and f(t) > 0 for all ¢.
So f_ll f(t) dt > 0 and 377, f(aj)A; = Aif(a;). Since f(a;) > 0, the result
follows. O

Proposition 2.15. Let f : [-1,1] — R be a continuous function and let € > 0. Then
for every sufficiently large n, if ay,...,an, A1,..., A\, are as above, then

1 .
JRCESRHT

<e.

Proof. By the Weierstrass approximation theorem there exists a polynomial p such that
|f(t) —p(t)] < e/4 for every t € [—1,1]. Let n be such that degp < 2n. Then

1 n ) .
[ rwa- > hian)] < [ o [ poya

| [ 0= ot
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+ ‘Z Aip(ai) — Z Nif(ai)
=1 =1
1
< /_1|f(t) — p(t)] dt +0

+ (iMZD mlax|p(ai) — flai)|
i=1

€ €
2-4+042-
< 4—1- + 1

=e. O

Proposition 2.16. Let

mn

fult) = dTn(l —tHn,

Then f, is a polynomial of degree n and if m # n then fil fm(t) fn(t) dt = 0. Hence,
fn is proportional to the nth Legendre polynomial p,.

Proof. (1 —t2)" is a polynomial of degree 2n, which implies the first assertion. Now let
us suppose that m < n and calculate f_ll fm(t) fn(t) dt by parts.

1 1 am "
[ sty = [ Sia-em -y a

1

B {dmﬂ e Iy

dtm dtn—1 B
1 gm+1 n—1
d 2 d 2
o 21— m 1 n
/_1 gt~ ) G (=) dt

Since (1—t2)" = (1—t)"(1+t)" has roots of multiplicity n at &1, the (n—1)th derivative
is zero there, as are the (n — k)th derivatives for all k£ > 0. Therefore,

1 m-+1 n—1
d m d n
— _/1 7dtm+1(1 —1?) — (1 —tH" dt.

Repeating this argument shows that for every 0 < k < n,

1 dm dm 1 dm+k dn—k
— (1=t —(1 =" dt = —1’“/ 1— )™ 1— 2" dt.
[ gmu=trima =y a= s [ Smma- i -e)

Let k=m + 1. Then

dm+k d2m+1

m __ 2ym _
ge (1= 0)" = gy (1= )" =0

and the result follows. O

We can also work with weight functions to get Chebyshev or Hermite polynomials and
others.






Chapter 3

Approximation by complex polynomials

Definition. A path in C was defined earlier as a continuous function from [0, 1] to C,
or more generally from [a, b] to C.

In Complexr Analysis one restricts attention to continuous functions v that are piecewise
continuously differentiable, that is, we ask for sequence a = ag < a1 < --- < ap = b
such that for each k we ask for v to be continuously differentiable on [ag_1, ag], where
the derivatives at ag_1 and ay are right and left, respectively.

Definition. Now let us suppose that v : [a,b] — C is continuously differentiable and
that f : C — C is a continuous function. Then the path integral fv f(z) dz is defined to
be

b
/ S (1) dt.

3.1 Why is the definition of the path integral natural?

Remark. Consider f: C — C and a continuously differentiable function ~ : [a,b] — C.
We want the limit of the sum

Y fG) (= i),
=1

If z; =~(t;) witha=1ty <ty <---<t,=>bandif t; — t;_1 is small, then

zi — zi1 = y(t) = y(tic1) = (ti — tio1)y (i)

since « is continuously differentiable so +' is approximately constant on [t;_1,t;]. So the
sum

> ) (= zi)
=1

is roughly
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which we can write as

So in the limit we get

b
/ SO (1) d.

Definition. A domain D in C is a connected open set of complex numbers. A function
f D — Cis analytic if it is complex-differentiable on all of D.

3.2 Cauchy’s theorem

This has different versions, of different levels of generality. They all say that, under
certain circumstances, if f : D — C is an analytic function and C' is a closed path then
Jo f(2) dz = 0. E.g. this is true if D is (i) a disc, (i) convex, (iii) star-shaped, (iv)
simply-connected. This last property means the following: every closed curve in D is
homotopic to a point, or contractible, in D. E.g. an annulus is not simply connected.

To prove (iv) one proves the following important fact: if C; and Cs are homotopic closed
paths in D, and f is analytic, then

f(z)dz= [ [(2)dz,
Ch Co

i.e. the integral of f on C is a homotopy invariant.

3.3 The only path integral you ever need to calculate from
first principles

Let C be a circle of radius r about 0, or more formally the path v : [0,1] — C,~(¢) =

re?™  Then
0 -1
/ 2" dz = ‘ n7
C 2mt n=-—1

where n € Z. Indeed,

1
/ 2" dz = / 2™ rire?™ dt
C 0

1
— Tn+127rl/ e?ﬂ'i(n+1)t dt
0

. 1
eQm(n—i—l)t

=t lor | ————
2mi(n+1)

0
=0

using n # —1 in the penultimate step. If n = —1 we have 27i fol dt = 2mi.
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Theorem 3.1 (Cauchy’s integral formula). Let D be a simply-connected domain, let
z € D and let C be a closed path in D that winds once around z. Let f : D — C be

analytic. Then
_ L[ fw)
(z) = 21 Jow — 2

dw.

Proof. Tt can be shown that C'is homotopic in D\ {z} to a path that goes round a small
circle about z once. Once could assume this in the statement of the integral formula, it
is just as useful.

The function f(w)/(w — z) is analytic in D \ {z}, so homotopy invariance tells us that,
for suitably small r,
(w) dw = (w) dw

cWw—2 CTU}*Z

where C, is the circle of radius r about z. Let € > 0, choose r such that |w—z| <r =
|f(w) = f(2)] < e. Then

CT’UJ—Z C, w—z CT’LU—Z

dw.

By our earlier calculation, fCr 1/(w — z) dw = 2mi. (The path is w = z + re*™.) But

)/C W dw) < sup{M Cw e CT}L(C,,)

w—z
< EQWT
r
= 2me.
Hence
1 f(w) ‘
— - <
’27ri/crw—z f@)]=e
S0
L[ f(w) ‘
— | L <
‘277@' cw—2 f(z) =€
for all € > 0, giving the result. O

Lemma 3.2. Let ) 7 ja,2" be a power series with radius of convergence R and let
r < R. Then the partial sums of > ° ja,z" converge uniformly on the closed disc of
radius r about 0.

Proof. Let p be such that r < p < R. Then the sum > 7, anp™ converges, so in

particular the numbers a,p™ are bounded. Let us say that |a,p"| < M for all n. Now
let z be such that |z| < r. Then

o
‘ E anz"”
n=N

(o] Py n
“[ S (5)
n=N P

<Mi‘zn
a n:Np
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This tends to 0 as N — oo and does not mention z, so the result is proved. O

Theorem 3.3. Let D be a domain and let f : D — C be analytic. Let zyp € D. Then
there exist unique coefficients (a,)22, with the following property: whenever the open
ball B,(z9) = {z : |z — 20| < r} lies entirely in D, we have f(z) = > 7 jan(z — 20)" for
every z € By (zp).

Proof. Let zp € D and let r > 0 be such that B,(z9) C D. Let z € B,(zp). Pick p such
that |z — 20| < p <.

Let C be the path t — 29+ pe?™ i.e. a circle of radius p about zg. By Cauchy’s integral
formula,

(z) = 2ri c @i(—l
_ v fw) y
2mi Jo (w— 29) — (2 —ZO)d
= 1 f(w) dw.

27’[‘i C( —Zo)(l—ﬁ)

Since [(z — z0)/(w — z0)| < 1, this equals

N () (1+ S +<Z_Z°>2+--->dw.

21 Jo w — 2o w — 2o w — 2o

The partial sums of this series converge uniformly, so we can interchange sums and
integrals to obtain

o~ 1 f(w)
nz;) T /C (w — zp)"H1 dw.

So we can take

1
270 Jo (w — zp)"t1

To prove uniqueness, recall that the nth derivative of zp of the function f(z) =
S s an(z — 20)" is nla,. So a, must be (™ (z)/n!. O

Note that we obtain Cauchy’s integral formula for derivatives,

|

My~ M [ S
7 (z0) 2m'/c(w—z)”+1 v

Remark. It follows from the above results that if f is analytic on an open disc B, (zp)

then for every p < r, f can be uniformly approximated by polynomials on the closed

disc B,(z0) = {z : |z — 20| < p}. For a proof, write f(z) = > .~ jan(z — 20)" and take

partial sums.
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3.4 Runge’s theorem and pointwise convergence of
analytic functions

Theorem 3.4 (Runge’s theorem). Let K be a compact subset of C such that the
complement C \ K is connected. Let f: C — CU {oo} be a rational function whose
poles all lie outside K. Then f can be uniformly approximated by polynomials on K.

Remark. This result follows from follows from the previous remark if there is an open
disc B, (zp) containing K and not containing any poles of f. This is because f is analytic
on B, (2p), and since K is compact one can find p < r such that K C B,(z0).

Lemma 3.5. Let K be compact and let f, g : K — C ba functions that can be uniformly
approximated by polynomials. Then Af + ug can be uniformly approximated, as can
fg. Hence, any polynomial in f, that is, a function F'(2) = anf(2)" + -+ a1f(2) + ao
can be as well.

Proof. If p and ¢ are polynomials with sup,c x| f(2) —p(2)| <€, sup,cg|g9(2) —q(2)| <,
then

SSEW(Z) + p1g(2) — (Ap(2) + pg(z))] < e(IAl + |ul)-

This proves the assertion about linear combinations. Since f and g can be uniformly
approximated by continuous functions, they are continuous on the compact set K, so
bounded on K. Suppose |f(2)|,]g(z)] < M for all z € K. Let p,q be polynomials as
above. Then

£ (2)g(2) = p(2)q(2)| = [ (2)(9(2) — q(2)) + a(2)(f(2) — p(2))]|
< [f(2)lg(2) = a(2)| + |a(2)][f (2) — p(2)|
< Me+ (M +¢)e.

This does the part about products and hence polynomials. O

Lemma 3.6. Let K be a compact subset of C and let A, u € C be such that |\ — u| <
d(\, K) = inf,eg |\ — 2| = min,e x|\ — 2| as K is compact. Suppose that the function
1/(z — A) can be uniformly approximated on K by polynomials. Then so can 1/(z — p).

Notation. We shall write “f is UAP” for “f can be uniformly approximated on K by
polynomials”.

Proof.
1 1 1 1

cmpn (=N -(-A) z-A1-E2

There exists p < 1 such that |(z — X)/(z — A)| < p for every z € K, because |\ — pu| <

d(\, K). Therefore,
i w—A\" 1
N
n=0 Z=A 1= %

uniformly on K. Let € > 0. Then we can find N such that

N n
w— A 1 €
E_;,(Z—A) IR
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for every z € K. Since 1/(z—\) is UAP, Lemma 3.5 tells us that Z;V:O((u—/\)/(z—)\))”
is UAP. So we can find a polynomials P such that

pe-> (222) 1<

for all z € K. Therefore,

1
IP() — —— = <
z—A
for all z € K, so
1
-
=55
is UAP. Hence, by Lemma 3.5, so is
1 1 1
3 N . O
z=A1-E= z—p

Corollary 3.7. Let K C C be compact and suppose that C \ K is connected. Then
1/(z — A) is UAP on K for every A # K.

Proof. We have already shown that if B,(zp) is some open disc that contains K and
A & By(z) then 1/(z — \) is UAP on K. Hence, there exists some A ¢ K such that
1/(z — A) is UAP. Now let u ¢ K. Since C\ K is path-connected, we can find a path
from A to p, i.e. we can find a continuous function 7 : [0,1] — C\ K such that v(0) = A
and (1) = p.

The function ¢ — d(v(t), K) is continuous, so it attains its minimum value. Hence, there
exists € > 0 such that |y(t) — z| > e for all ¢ € [0,1] and z € K. Also, + is uniformly
continuous, so there exists 6 > 0 such that |s —t| < 6 = |v(s) — ()] < e. So let
0=ty <ty <---<ty,=1Dbesuch that t; — t;_1 < 0 for every i. Then let \; = v(t;), so
Ao = A, Ay = p. We then have |\, — \j—1] < ¢ < d(\—1, K). Hence, by Lemma 3.6, if
1/(z — A\i—1) is UAP then so is 1/(z — \;). But 1/(z — Xg) is UAP, so this implies that
1/(z — M) =1/(z — ) is UAP. O

Proof of Theorem 3.4. Let f(z) = P(z)/Q(z) be a rational function with poles at
ALy ooy Ak, Ai & K. That is, let f(2) be a function of the form

P(z)
(2= A) e (2= Ap)Te

By Corollary 3.7, 1/(z — A;) is UAP for each i. Also, P is UAP since P is a polynomial.
So, by Lemma 3.5, f is UAP. O

Theorem 3.8. There exists a sequence of polynomials that converges pointwise on the
closed unit disc {z : |z] < 1} to a discontinuous function. In particular, pointwise limits
of analytic functions need not be analytic.

Proof. For each n € N let

1 2 1
Jn:{ze(C:§|z]§1 A 7T<argz§27r(1—)}.
n n n
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Let [0,1] stand for {z € C: 3z =0 A 0 < Rz < 1}, let K,, = J,, U[0,1]. Let C,, be
a sensible simply closed path that winds once round every point in J, and zero times
round every point in [0, 1].

Then define, for z € C,,

f(z) = L ! dw.

- 2mi c, W—2

By standard results in complex analysis, f(z) = 1 whenever z € J, and f(z) = 0
whenever z € [0,1]. (This is the formula for the winding number, which follows e.g.
from Cauchy’s integral formula, Cauchy’s theorem, and homotopy invariance of path
integrals of analytic functions.)

If v : [a,b] — C is a continuously differentiable function that gives C), then

_ 1P A
10= 5 [, 5ty

by the definition of path-integration.
For each positive integer n, let
1 b—ax~ +(a+Z(b—a))
gn( ) = - Z T o .
21 n Y@+ (b—a)) -z

r=1

It can be shown that g, — f uniformly on K, (see Example Sheet 3). Relevant facts:
~ and 4" are piecewise continuous and hence uniformly continuous. Also, there exists
d > 0 such that |y(t) — z| > 0 for all t € [a,b] and z € K,,. We may therefore choose n
such that |f(z) — gn(2)| < 5 for all z € K,,. But g, is a rational function with poles
in C,, hence not in K,,. So we can find, by Runge’s theorem, a polynomial P, such
that [Py(2) — gn(2)| < 5 for all z € K,. So |Py(2) — f(2)| < % for all z € K,,. But
U2, K = {z : |z| < 1}. So the polynomials P, converge pointwise on the closed disc

to
0 € 10,1
Py =0 #€0 O
1 otherwise






Chapter 4

Irrationality, transcendence and continued fractions

Theorem 4.1. e is irrational.

Proof.
11 1
BT TR

If e = p/q, then gle is an integer. But

q! q!
le — ol | 2
g'e = q+q+2'+ +q!+(q+1)!+
1 1
=M+ + + -
g+1 (¢g+1)(g+2)
for some integer M. So
1 1 1 1
M < gle < M + + + +oo =M+ -,
! g+1 " (q+12 " (q+1p g
contradiction. O

Theorem 4.2. 7 is irrational.

Proof. Suppose that m = p/q, p,q € N. For each n € N, let
fa(@) = Lq"2" (1 — 2)".
Since ™ = p/q, this can also be written as

fa(x) = " (p — qa)™.
We shall look at [ fn(2)sinz dz in two different ways.

Since n!f, is a polynomial with integer coefficients, and has a factor =", n! fn ( ) =
if m < n and is a multiple of n! when m > n. Also, f, has degree 2n, so f ( )=0 if
m > 2n.

But f,(z) = fn(w — x), so we can say the same for fnm (m). Therefore, if we repeatedly
integrate foﬂ fn(z)sinz dx by parts, we obtain integrals such as :l:f0 n )(3:) sinz dz

or :l:fo n x) cosx dr and square-bracket parts of the form :l:[fn ( )sin:c]7T

OOI'
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i[fém)(a?) cosz|;. Since fm) | cosz and sinz are all integers at 0 and 7, and
() = 0, this shows that [[7 f,(z)sina da is an integer.

However, z(m — ) is maximised at © = 7/2, so when 0 < z < 7, 0 < fu(x) <
q" (g)Qn /n!. Hence, for n large enough, we have 0 < f,(z) < % for every 0 < x < .
Also, sinz > 0 when 0 < z < 7 with equality only at 0 and 7, so

O</ﬂf()' dr < 1-q =
X)Sinxr axr — T = =
0 " - or 2’

contradiction. O

4.1 Continued fractions

Let t be a positivee real number. Then to work out its continued-fraction expansion you
do the following: First write t = tg = ag + sop with 0 < 59 < 1, s0 a9 = [t]. If 50 =0
then stop. Otherwise, 0 < sp < 1, and we can write tg = ag + 1/t1, where t; = 1/so.
Now repeat the process for ¢1, obtaining ¢y = ag + 1/a; or

1

to = ag + T
a _
1+t2

Continue until some s, = 0, or else, if this does not happen, go on for ever.

Remark. A nice book for this is Strange Curves, Counting Rabbits and Other Mathe-
matical Explorations by Keith Ball, Princeton University Press.

Proposition 4.3. The continued-fraction expansion of a real number ¢ terminates, i.e.
is finite, if and only ¢ is rational.

Proof. If the continued-fraction expansion terminates, then we have

t + !
=aqa
0 . 1
a
1 . 1
a S —
2 1
Qn,
which is built out of the integers ag,as,...,a, by a mixture of addition and division.

Since Q is closed under addition and division, t € Q.

Now suppose that ¢t = p/q. Write p = aq + b with 0 < b < ¢. Then the first stage of the
calculation is

a
q q
so tg = p/q, t1 = q/b. Notice that b, the denominator of ¢, is smaller than ¢, the

denominator of tg. Therefore, the process terminates as you cannot have an infinite
decreasing sequence of denominators. O
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Example.
79 13
33-°733
1 1
:2+§:2+
3 °tn
1 1
=2+ 1:2+ .
2+T3 2+1+6
7 7
=2+ ! =2+ !
1 1
24+ —— 2+
1 1
1—1—? 1—i-71
6 "5
Compare this with
79=2x33+13
33=2x13+7
13=1x7+6
T=1x6+1
6=6x1
Corollary 4.4. /2 is irrational.
Proof 1.
NG TR R S R S S S
V241 2+v2-1
1
=1+ 1
SV

Since we have repeated the term /2 + 1, this process must go on for ever. Therefore,

by Proposition 4.3, /2 is irrational.

Proof 2. Suppose v/2 is rational.

q e P
Hence
2ga+pb _p
pa+qgb g

for all a,b € Z such that pa + ¢b # 0. Suppose p/q is in its lowest terms.

g<p<2qs00<p—qg<gq.So
29 —p
p—q
is another expression for v/2 with smaller denominator, contradiction.

O

Then
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Proof 3. Yet another version of this argument: if v/2 is rational, then write v/2 = p/q
with ged(p,q) = 1. Then find a,b € Z such that ap + bg = 1 by Euclid’s algorithm.
Then
2 b
Voo b _zaetpd
q

= 2qa + pb € Z,
ap + qb 4 @

contradiction. O

4.2 Continued fractions and matrices

Consider the expression

ap +

e —
Qn

To work it out, we start with a,,, take the reciprocal, add a,,_1, take the reciprocal etc.
We get

1 Ap—1an +1

p — — —0p—1+ — =
an 7% (279}
(79} an Ap—20p—10n + AGp—2 + an
- — — ap—2 + =
ap—1an + 1 (p—10n + 1 ap—1an + 1
Let us write
T 1
s T 1
k41 + 1
Ak+2 +
1
an
Then
Tk 1 Sk41  QTk41 + Sk41
?:ak+m:ak+r+ = —:ﬂ +
k Sri k1 k+1
So
Tk _ (@kTk+1t k1) _ (ak L) (Trir
Sk Tk+1 1T 0/ \Sks1
Hence,
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Let us write

1
pﬂ:do-i—
dm + 1
a -
1 . 1
a
2 1
Qm
Then
Pn-1\ _ (a0 1\ = fan—2 1Y (an—
gn—1 1 0 1 0 1
But
pn—-1\ _ [ Gn-1 1 1
1 o 1 0/ \0
Therefore

n  Pn-—1 _ ag 1 ar 1 [ 9n 1
n  Qn—1 10 1 0 1 0/°
Lemma 4.5. Let the fractions p,/g, be as above. Then

PrGn-1 — qupn—1 = (—1)"1.

Proof. This follows immediately from the product rule for determinants.

If we devide through by ¢,—1¢n, we obtain

@ B Pn—1 (_1)n+1

dn dn—1 dn—14n .

But whenever a/qy, b/q,—1 are different fractions, we know that

1_ b ‘_‘GQn—l_an > 1

G Gn1! | Gne1@n | T que1gn

SO Pn—1/qn—1 is approximating p,/q, as well as it can, given that its denominator is at

most qp—1.
Theorem 4.6. Let a be a positive real number, and suppose that
1
a=a+—
a] + ——

1
a2+i

Let pn, qn be as above. Then p,, /gy, is closer to « than any other fraction with denomi-

nator at most gy.
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Proof. 1t follows easily from the recurrence relation

(pn+1 pn) __(pn pn1> (an+1 1)
dn+1  4n dn  Q4n—1 1 0
that p, and ¢, form increasing sequences. Therefore

Pn Pn-1 _ (=D

dn dn—1 gn—14n

is an alternating sequence with decreasing magnitude. Therefore, p1/q1 > ps/qs >
p5/q5 > -+ and pa/q2 < psa/qs < ---, and p, /gy, > o when n is odd, p,, /¢, < o when n
is even. Also, since (—1)"*!/(¢ngn_1) — 0, Pn/gn — .

Notice that p, /gy is closer to pp4+1/¢n+1 than any other fraction of denominator at most
Gn, since

Pn pn+1’ _ 1
dn n+1 gndn+1 ’
while
a b 1
ol
q dn+1 qqn+1

whenever a/q, b/qn+1 are distinct fractions. Note ged(prt1, gnt+1) = 1, since pnyign —

Gn+1Pn = (—1)". But any number that is closer to « than p,/q, is also closer to
Prt1/qn+1 than p,/q, since « is between p,/q, and ppi1/gnr1. Therefore, the result
follows. ]

Example. The expansion of v/2 starts

1+ ! =1+ ! —1+1—17
1 1 12 12
24 —— 24— —
2+1 5 5
2 2

and 172 = 289 and 2 x 122 = 288.

4.3 An expansion for tanzx

We shall consider more general expressions, of the form

bo

ap +
0 b

ai +

bo

az +
bn—l

anp,
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Sometimes, if all the b; are 1, we call the expression a simple continued fraction. We
need to generalise the matrix formulation. So let us write

b b
Pm =ap + 0 Tk =a; + F
dm b1 Sk br+1
a + — Ofpy1 + —————
bm—l bn—l
Qm an,
Then
r b agr + bis
Tk — a + TIHI: _ OkTk+1 kSk+1
Sk Shot Tk+1
So
Tk _ Q. bk Tk+1
Sk I 0/ \Sk+1
Therefore,
pn) _ (o _ (a0 bo\ (a1 b1\  fan-1 bp-1) (an
qn S0 1 0 1 0 1 0 1
So
pn_l = a/O bO LY an_l
qn—1 1 0 1
_ ap by [ 9n-1 bn—1 1
1 0 1 0 0
Hence,

n bnpnfl _ ag bo [ On—-1 bn—1 an by
dn  bngn-1 1 0 1 0 1 0/
In particular,
( n bnpn—1> — (pn—l bn—lpn—2> (an bn)
qn annfl dn—1 bnfl(Ian 1 0/’
giving

DPn = QpPp—1 + bnflpnf2
qn = GnQn—1 + bnflc_Ian-

We shall now show that
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To do this, let

Py () o T
Qn(z) x?
1- 2
x
3_
at least for |z| < 7. So, for example,
P(z) =z
Ql(iﬁ) 1
Py(z) 3z
Q2(x) . 2?2 3 —a?
3
Ps(z) x B x 15z —a?
Qs(x) 2 522 15 — 62
- 1
2 15 — 2
3 -

In general,
Pu(z) = (2n — 1)P,_1(z) — 2°P,_»()
Qn(z) = (2n —1)Qpn-1(z) — ngn—2(x)

by the recurrence formula for generalised continued fractions. We would like to prove

that
Py ()

— tanx

pointwise as n — oo. Now

ton P,(z) _ Qn(x)sinz — P, (x) cos

Qn(zx) Qn(x) cosz

Our main task will be to show that

sp(x) = Qu(z)sinz — Py(x)cosx — 0

as n — 00. To do this, we shall consider the following integral

1 xT
/ (2% — t*)" costt dL.
0

2nn!

In(z) =
If n =0 we get [ cost dt = sinz. We shall show that I,(z) = sn(z) for n > 1. Our
strategy will be to evaluate I,,(z) for small n and to prove that I,,(z) = (2n—1)I,—1(x)—
12[71—2(-77)-
x
Li(z) = 5/ (2% — t*) cost dt
0 x
=1 [(x2 t2) smt] - %/0 (—2t)sint dt

-2
X
:/ tsint dt = tcost]g—{—/ cost dt
0 0
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= —xcosz +sinx = s1(x)

For n > 2,
Iy(z) = ! C6(362 —tH)"cost dt
" Q”n' 0
x
= S [(x2 —t%)"sin t]g = S /0 —2tn(z? — t3)"Lsint dt
2n=l(n—1)! J,
—1 2 2\n—1 x
= gy el
1 R R N 2 2 ,2\n—2
+2n_1(n_1)!/0 ((z° = 2" =2t (n — 1)(2* — t°)""%) cost dt
— ; /x(x2 _ t2)n—1 cost dt
2”_1(71 — 1)' 0
1 Y22 2vn—2
—2n_2(n_2)!/0t(q: —t%)" " “cost dt

1 T
= n—l(x) — $2In_2(l') + m /0 (5[52 - t2)(.73‘2 - t2)n72 cost dt

=T, 1(x) — 3:2171,2(1‘) +2(n—1)I,-1(x)
= (2n — 1),y (x) — 221, _o(x).
Therefore, Iy(x) = 311 (x) — 22Iy(z) = 3(sinz — zcosz) — asinz = sy(w). So I1(z) =

s1(x), Ir(z) = so(x), In(x) = (2n — D) I,_1(z) — 2°I,_2(z) and s,(z) = (2n — 1)s,_1 —
128, _o(x) for all n > 3. Hence I,,(z) = s,(z) for all n > 1. So

1 xT
|sn(z)] = 5 ‘/ (2 — t*)" cost dt
n: 0
2n+1
2n __ x
= 2”n!xw ~onpl =0

as n — oo. It remains to show that @, (z) does not tend to 0 and is in fact bounded be-

low. Let us write 7, (7) = Qn(7)/Qn_1(x). Then Q,(z) = (2n—1)Qpn_1(z) —22Qp_1(x),
S0

Qn $) _ 1 2Qn—2(x)
QT )
So
22
ro(z) =2n—1-— @)

If |z] <1and |rp—1(z)| > 1, then r,(xz) > 2n—1—1 > 2 when n > 2. Therefore, if ever
|rn—1(x)| > 1 with n > 2, we get Qn(z) — o0 or Qn(x) — —o0 as n — oo for |z| < 1.

But if |z| < 1 then Q2(x)/Q1(z) > 2, so in this case we are done. With a little more
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care, one can show Q,(x) — too for every z. It follows that

tanx =

5 - —

when |z| < 1, and with a bit more effort the argument shows that the expressionis valid
for all x when cosx # 0.

Theorem 4.7 (Liouville). Let a be an algebraic number of degree n > 1. That is, n is
the smallest integer such that P(«) = 0 for some polynomial P of degree n with integer
coefficients. Then there is ¢ > 0, which may depend on «, such that
c
=2 > =
q q
for every pair of integers p, ¢ with ¢ # 0.

Proof. Let P(x) = apz™ + -+ + a1x + ag be a polynomial of degree n > 1 with integer
coefficients such that P(a) = 0. Then ¢"P(p/q) = anp™ + an_1p" ‘g + -+ aipg" ' +
apq™ is a non-zero integer, unless p/q is a root of P. Let Cj be the minimum difference
between « and any rational root of P. (Note that there are at most n, but in fact none.) If
p/q is not a root, we conclude that |P(p/q)| > 1/q". Therefore, |P(a) — P(p/q)| > 1/q".

But
k k—2 k—1
‘ak<p> ‘S‘QPHQKJ%akap%”.+(I<p) +(p> .
q q q q q

If |p/q| < 2|a| then the second bracket is at most 2F~1ka*~!. Hence

‘P(a)—P(§)|§‘a—§‘<|a1\+]a2-2‘2-a|+\a3-4'3-a2]

+‘a484a3‘++‘an2nilnanil‘)
=:|a— 2|A
q
when [p/q| < 2]a| and p/q not a root of P. Therefore, |« — p/q| is always at least as big
as one of ¢y, |af or ca/q"™ where ca = 1/A. So let ¢ = min{cy, 2, ||} O

Proposition 4.8. For every irrational number « there is an infinite sequence of fractions
Pn/Gn such that

1
o -2 < .
dn dn
Proof 1. Let
. 1
a=a
0 . 1
a
' 1
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and let

an

Then we have shown that « lies between p,, /¢, and pp4+1/¢n+1, and also that

‘@_pnﬂ‘: 1 1
gn dn+1 gndn+1 o Q%
Hence,
1
Pn ol < = =
dn an
Proof 2. Fix a positive integer m. Then, of the numbers 0, o, 2, ..., ma, there must

be two that have fractional part within 1/m of each other, since all fractional parts lie
in [0,1). Suppose that these are ra and sa. Then we can find positive integers a and b
such that |[ra —a — (s — b)| < 1/m, so |(r — s)a — (a — b)| < 1/m. Therefore,

a—> 1 1

| <

This proves the existence of one fraction of the required kind. But as m — oo you
cannot use the same fraction infinitely many times, using the irrationality of a;, so we
get an infinite sequence of them. O

o -

r—s mlr —s| = (r—s)?’

Theorem 4.9. The number Y 7, 10~ is transcendental.

Proof. Let v = 37, 10~™. Suppose that « is algebraic of degree k. Then, by The-
orem 4.7, there is some ¢ > 0 such that |a — p/q| > ¢/¢* for all p,q. The number
25:1 10~™ can be written as p/q with ¢ = 10™'. Also

N ]
o= 107" = > 107
n=1

n=N+1

2
—(N+1)! _
<210V =
q

This is a contradiction if 2/¢V*! < ¢/¢*, so choose N large enough that ¢V +1=% > 2/c,
this is possible as ¢ = 10™. O

Remark (Roth’s theorem). For all ¢ > 0 and for every algebraic number « there exists

¢ such that
P ¢
| 5‘ = P

for all p, g, so Theorem 4.7 is not best possible.






Chapter 5

Properties of compact Hausdorff topological spaces

Definition. Let X be a set. A topology T on X is a collection of subsets of X satisfying
the following axioms,

(i) P erand X € 7;
(ii) if Uy,...,U, € 7 then ", U; € T;

(iii) if Uy € 7 Vy €I then |, p Uy € 7.

The sets in 7 are called open. A set F' C X is closed if X \ F' is open.

Example. (i) Any metric space with 7 the collection of all open sets (in the metric
space sense).

(ii) The discrete topology on X is the collection of all subsets of X.
(iii) The indiscrete topology on X is 7 = {0, X }.

(iv) The cofinite topology on X consists of all sets Y C X such that X C Y is finite or
Y = 0. (The co-countable topology is defined similarly.)

Definition. Let X, Y be topological spaces and let f : X — Y. Then f is continuous
if f~Y(U) is open in X whenever U is open in Y. That is, the inverse image of any
open set is open. If x € X then we say that f is continuous at x if for every open set V'
containing f(z) there exists an open set U containing x such that f(U) C V.

Proposition 5.1. Let X and Y be topological spaces and let f: X — Y. Then f is
continuous if and only if f is continuous at every =z € X.

Proof. Suppose that f is continuous. Let x € X and let V' be an open set containing
f(x). Then f~'(V) is open, and contains x, and maps into V.

Now suppose that f is continuous at every x € X and let V' C Y be open. We must show
that f~1(V)isopen. Let x € f~1(V). Then f(z) € V. Since f is continuous at z, we can
find an open set U, containing x such that f(Uy) C V. But then J,¢-1(y) Uz C )
(since each U, C f~1(V)), Uzes-101 Uz D f~1(V) (since it contains each x € f~1(V))
and is open (since each U, is open). Therefore, f~1(V) is open. O

Definition. As with metric spaces, a topological space is compact if every open cover
has a finite subcover. That is, X is compact if, whenever X = U,yeF U, with each U,
open, one can find vq,...,79, € I such that X c J, U,,.
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Definition. X is Hausdorff if, whenever x,y € X, x # y, there exist disjoint open sets
UV withxreUandyeV.

Lemma 5.2. A closed subset of a compact topological space is compact.

Proof. Let X be a compact topological space and let F' C X be closed. Suppose that
F C U, er Uy with the U, open. Then X = (X \ F)UJ,cr Uy. Since X is compact,
we can find a finite subcover of this cover. So we can find ~1,...,7, such that X =
(X\F)uU,, U---UU,,, where, if the finite subcover did not include the open set X \ F,
we put it in. But since F N (X \ F) =0, we have F C U,, U---UU,,. O

Lemma 5.3. A continuous image of a compact topological space is compact.

Proof. Let X be compact and let f : X — Y be continuous. Suppose that f(X) C
U,er Uy with Uy open in Y. Then X C U, cr f~YU,), and each f~1(U,) is open,
since f is continuous. Since X is compact, we can find 7i,...,7, such that X =
YU, u---uU fYU,,). But then f(X)C U, U---UU,,. O

Lemma 5.4. A compact subset of a Hausdorff topological space is closed.

Proof. Let X be Hausdorff and let K C X be compact. Let x € X \ K, noting there
is nothing to prove if X \ K = (). For every y € K we can find open sets U, V, such
that z € Uy, y € V, U, NV, = 0. The sets V, form an open cover of K, so we can find
Y, .-, Yn such that K C V,, U---V, . But (V,, U---UV, )N Uy, N---NUy,,) =0, so
Uy, N---NU,y, is an open set containing x disjoint from K. Since we can do this for
every x ¢ K, X \ K is open. O

Theorem 5.5. Let X, Y be topological spaces with X compact and Y Hausdorff. Let
f: X — Y be a continuous bijection. Then f~! is continuous.

Proof. We need to show that if U is open in X then f(U) is open in Y. But as U is open,
X \ U is closed, so by Lemma 5.2 X \ U is compact. Hence, by Lemma 5.3 f(X \ U) is
compact. Therefore, Lemma 5.4 implies f(X \ U) is closed. But f(X\U) =Y\ f(U)
as f is a bijection. So f(U) is open. O

Theorem 5.6. Let X be a compact Hausdorff topological space. Then no finer topology
on X is compact and no coarser topology is Hausdorff. (If o, 7 are topologies on X such
that 7 C o, we say that o is finer and 7 is coarser.)

Proof. Let o be a finer topology on X. Then (X, o) is Hausdorff. Suppose it is compact.
Let f : (X,0) — (X,7) be the indentity on X. Then (X,0) is compact, (X,7) is
Hausdorff, and clearly f is continuous since 7 C o. Hence, by Theorem 5.5, f~! is
continuous. So if U is open in ¢ then U is open in 7, and therefore ¢ = 7. The
argument for coarser topologies is similar. O

Definition. A topological space is regular if, given any point x and any closed set F
not containing x, there exist disjoint open sets U,V such that x € U and FF C V. It
is mormal if, given any two disjoint closed sets F, G there exist disjoint open sets U,V
such that F C U, G C V.
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Definition. A topological space is 17 if, given any two disjoint points x,y, there is an
open set U such that z € U,y € U (so {z} is closed).

Theorem 5.7. Every compact Hausdorff topological space is normal (and regular).

Proof. Let X be a compact Hausdorff topological space. First we shall show that X
is regular, so let x € X, let F¥ C X be closed and let x ¢ F. For each y € F we
can find disjoint open sets U,, Y, such that x € Uy,y € V,. The sets V, form an open
cover of F', so0, since F is closed and therefore compact, we can find y1, ..., ¥y, such that
FcV,uU---uV,,. Butthenlet U =U,, U---UU,,,V =V, U---UV,, . Thesets U,V
are disjoint and open, x € U, F' C X. So X is regular.

Now let F,G be disjoint closed subsets of X. For every x € F, the regularity of X
gives us disjoint open sets U, V, with x € U,;,G C V.. The sets U, form an open
cover of F, so, as F' is compact, we can find x1,...,x, such that FF C Uy, U---UU,,.
Let U =Uz U---UU,,, V=V, N---NV, . Then U and V are disjoint and open,
FCcUGCV. O






Chapter 6

The Baire category theorem

Definition. Let X be a topological space and let Y C X. Then Y is dense if YNU # ()
for every non-empty open set U. If V is an open set, then Y is dense in V if Y NU # for
every non-empty open subset U C V. Y is nowhere dense if there is no non-empty open
set V with Y dense in V. That is, Y is nowhere dense if, for every non-empty open set
V there is a non-empty open subset U C V with Y N U = 0.

6.1 A typical example of a nowhere dense set: the Cantor
set

The Cantor set is a subset of [0,1] defined as follows: let Xy = [0,1], X; = [0,1/3] U
[2/3,1], Xo =10,1/9]U[2/9,1/3] U [2/3,7/9] U [8/9,1] etc. with each X,, removing the
middle third of each of the 27! intervals that make up X,_;. Then ﬂ;ozo X, is the
Cantor set. The see that this is nowhere dense, notice that every open interval contains
a rational with denominator 3" for some n, and to one side of any such rational is an
interval disjoint from X,, and hence from the Cantor set.

Alternatively, the Cantor set consists of all points whose ternary expansion consists of
just Os and 2s.

Theorem 6.1 (Baire category theorem). Let X be a complete metric space and let
Ui, Us,... be dense open subsets of X. Then (o2, U, # 0.

Proof. We shall construct sequences x1,x2,... of points in X and B; D By D --- of
closed balls in X such that for all n € N z,, € B,, C U,, and the radius of B,, is at most
1/n.

First, let x; € U;y. Since U; is open, we can find ¢ < 1 such that B, (z1) C Uy. (We
write Be(z) for {y : d(x,y) < e}.) Let 0 < §; < ¢, then let By = Bs,(x1). (It does not
matter whether we consider the closed ball or the closure of the open ball.)

Suppose now that we have constructed z1,...,2,_1 and By D --- D B,,_1 with B,,_1 =
Bs, ,(xn—1). Since Uy, is dense and Bg, ,(zn—1) is open and non-empty, we have U,, N
Bs, (xn—1) # 0. So pick z, € U, N Bs, _,(xp—1). Since U,, N B, _,(xp—1) is open, we
can find e, < 1/n such that B., (z,) C U,N By, ,(xn-1) CUpNBp_1. Let 0 < §,, < &y,
and set B,, = Bs, (¢y,). Then z,, € B,, C U,.

So now we have the sequences claimed. Now suppose that N < p,N < ¢. Then
Zp,xq € By. Since By has radius at most 1/N, d(zp,z4) < 2/N. Thus the sequence
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(xr,)0% is Cauchy. Let x be its limit. Let n € N. Then for all m > n, x,, € B,. Hence,
as By, is closed, z € B,,. But B, C Uy, so z € (), Up. O

Definition. Let X be a topological space and let Y C X. Then the interior of Y, de-
noted Y° or int Y, is the largest open set contained in Y, that is, [ J{U C Y : U is open}.
The closure of Y, denoted Y or clY, is the smallest closed set containing Y, that is,
(MF DY : Fisclosed}. (In a metric space, Y is the set of all y such that there are
Y1,Y2,- .- €Y with y, — y.)

Lemma 6.2. The closure of a nowhere dense set is nowhere dense.

Proof. Let X be a topological space and let Y C X be nowhere dense. We must show
that Y is nowhere dense. So let U C X be a non-empty open set. Since Y is nowhere
dense, there is a non-empty open subset V' C U such that YNV = (). But then X \ V is
a closed set containing Y. But then Y € X \ V,s0 Y NV ={). Since U was arbitrary,
we have shown that Y is nowhere dense. O

Lemma 6.3. Let X be a topological space and let U C X. Then U is open and dense
if and only if X \ U is closed and nowhere dense.

Proof. Let Y = X \ U. If U is open and dense then Y is certainly closed. If W is a
non-empty open subset of X then U N W is a non-empty (as U is dense) and open (as
U, W are open) subset of W that is disjoint from Y, so Y is nowhere dense.

Conversely, if Y is closed and nowhere dense, then U is open. For every non-empty open
W there is a non-empty open V' C W such that VNY =0,s0 V C U. So U is dense. []

Theorem 6.4 (Baire category theorem, version 2). Let X be a complete metric space.
Then X is not a countable union of nowhere dense sets.

Proof. Let Y1,Ys,... be nowhere dense. Then, by Lemma 6.2, Y7,Ys,... are also
nowhere dense, and they are closed. So, by Lemma 6.3, X \ Y7, X \ Y3,... are open
and dense. Therefore, by Theorem 6.1, (7" (X \ Y;,) # 0. So U2, V, # X. So
U, Y, #X. O

Remark. It is an easy exercise to use Lemmas 6.2 and 6.3 to deduce Theorem 6.1 from
Theorem 6.4.

Theorem 6.5 (Baire category theorem, version 3). Let X be a complete metric space
and let I, Fy, ... be closed sets such that | ;- ; F;, = X. Then some F,, has a non-empty
interior, i.e. contains an open ball.

Proof. Let F be a closed set with empty interior. If U is any non-empty open set, then
U ¢ F,so U\ F is a non-empty open subset of U, disjoint from F. So F' is nowhere
dense. Hence, if no F,, has non-empty interior, all F;, are nowhere dense, contradicting
Theorem 6.4. [



49

6.2 Applications

Definition. Let F be a set of functions defined on a set X. Then F is pointwise bounded
on X if for all x € X there exists M such that for all f € F we have |f(x)| < M. F is
uniformly bounded on X if there exists M such that for all f € F and z € X we have
|f(x)] < M.

Theorem 6.6. Let F be a collection of continuous functions from [0, 1] to R. Suppose
that F is pointwise bounded. Then there exists a subinterval (a, b) of [0, 1] such that F
is uniformly bounded on (a,b).

Proof. For each M let Yy = {z € [0,1] : Vf € F |f(x)| < M}. Notice that Yy, =
Nier f~Y([—M, M])). This is closed since the functions f are continuous and [—M, M]
is closed. Our hypothesis is that every = belongs to some Yas. Thus [0,1] = U3;—; Yar.
Since [0,1] is complete, some Yj; must have non-empty interior, by Theorem 6.4. So
it contains some interval (a,b). On that (a,b), every f € F is bounded in modulus
by M. O






Chapter 7

Example sheet questions revisited

Question (Sheet 2 Question 2). Let p(z) be the quadratic polynomial 22 — 4z + 3 and
let f:[0,1] — C be the closed path f(t) = p(2¢**®). (Thus, the image of f is the image
of the restriction of p to the circle of radius 2 and centre 0.)

(i) Calculate the winding number of f about 0 directly from the definition of winding
number.

(ii) Can you give another proof that uses some of the results of the course?

Answer. Do not find a continuous choice of argument explicitly.

(i) Find the number of times the graph of p crosses the real positive axis. p(z) =
(z —2)% — 1 is real if z — 2 is real or purely imaginary, but p(z) < 0 for z — 2
purely imaginary. Note z = 22" so f(t) is real and positive if and only if
t = 1/2. Therefore, for 0 < t < 1/2 let argz € [0,27] and for 1/2 < ¢ < 1 let
arg z € (2m,4m). Hence, the winding number about 0 is 1.

(ii) p(z) = (2 —1)(z —3). The winding number of a product is the sum of the winding
numbers of the factors. Hence the winding number is 1 +0 = 1.

Question (Sheet 3 Question 2). Prove that there is no sequence of analytic functions
fn that converges uniformly on the unit circle to the function 1/z (which on the circle
is the same as z). Why does this not contradict Runge’s theorem?

Answer. Note that [ fn(2) dz = 0 but [z dz = 27i (as e.g. Z = 2z~ ! on the unit
circle).

uestion (Sheet 3 Question 9). Prove that v/3 + v/5 and e? are irrational.
Q (

Answer. 5 "
m m
62:1+2+2+27+...+27+27+...
2! " 3l m! " (m+1)!

Multply by m!/2* for a suitable power of 2 such that this is an integer and such that
m!/2F(2m+1 /(m+1)!4---) < 1. This is an obvious generalisation from e, but one needs
to be careful.

Alternatively, let e = p/q, then p = e2q, so ge — pe~! = 0. Therefore,
1 1 1 1 ] 1 1 1 _0
a1 gtg gt ) (gt g t) =0
Now multiply through by some m! to show that the left-hand side is non-zero.
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Question (Sheet 4 Question 1). (i) For each n let F), be the nth Fibonacci number,
with F; = F» = 1. Prove the identities Fy,41 = F2 + F2. | and Fy, = F,(F,—1 +
F,41). Let x, stand for the ratio F,41/F,. Use the above identities to express
ZTop In terms of x,,.

(i) If we set yx, = 9k, then we have expressed each yy as a simple rational function of
yr—1. Explain why the sequence (yi) converges very rapidly to the golden ratio.
How does this relate to another method that produces rapid convergence?

Answer. To show Fy, 1 = Fg + Fﬁ_H, Fy, = F,(F—1 + Fpt1), show that

1 1\" (Fua F,
1 0 - Fn Fn—l '

2
<F2n+1 F2n > — <Fn+1 Fn )
Fy, Fop 1 Fy Frn1 .

Next, to show z,, = F,,41/F),, find z9, in terms of z,.

Then

Fy, Fn(Fn—l +Fn+1) Fn(QFn—Q—l - Fn) 2xp, — 1

Ton =

If we define yo,y1,... with y,p1 = (1 + 92)/(2yn — 1), then y, = 29, so we jump
exponentially fast to the golden ratio. This is the same as the Newton-Raphson method
with f(z) = (22 +1)/(2z — 1).

Question (Sheet 4 Question 9). Let T be the unit circle {z € C : |z| = 1} with the
obvious topology coming from C. Defined an equivalence relation ~ on R by z ~ y if
and only if x —y is an integer. Prove that T is homeomorphic to R/ ~ with the quotient
topology.

Answer. Consider T = {z : |z| = 1} and R/Z, with the topology induced by the
quotient map ¢q : R — R/Z,t + [t]. The map [t] — €*™ is a homeomorphism as it is a
continuous bijection from a compact set to a Hausdorff set.
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