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Chapter 1

Vector spaces

Remark. Write F for the �eld R or C. The crucial properties of F are as follows.

• F is an abelian group under +, with additive identity 0.

• F \ {0} is an abelian group under ·, with multiplicative identity 1.

• Multiplication is distributive over addition, a(b+ c) = ab+ ac for all a, b, c ∈ F.

De�nition. The set V is a vector space over F if the following holds.

(A) V is an abelian group under an operation +.

(A0) + : V → V , (v1, v2) 7→ v1 + v2 ∈ V ;
(A1) For all v1, v2, v3 ∈ V , (v1 + v2) + v3 = v1 + (v2 + v3);

(A2) For all v1, v2 ∈ V , v1 + v2 = v2 + v1;

(A3) There exists 0 ∈ V such that v + 0 = v for all v ∈ V .
(A4) For each v ∈ V there exists −v ∈ V such that −v + v = 0.

(B) There exists a multiplication · by scalars on V .

(B0) · : F× V → V , (λ, v) 7→ λv;

(B1) For all λ ∈ F, v1, v2 ∈ V , λ(v1 + v2) = λv1 + λv2;

(B2) For all λ1, λ2 ∈ F, v ∈ V , (λ1 + λ2)v = λ1v + λ2v;

(B3) For all λ1, λ2 ∈ F, v ∈ V , (λ1λ2)v = λ1(λ2v);

(B4) For all v ∈ V , 1v = v.

Lemma 1.1. Let V be a vector space over F and let v ∈ V, λ ∈ F. Then

(i) 0 · v = 0, λ · 0 = 0;

(ii) −v = (−1) · v;

(iii) if λv = 0 then either λ = 0 or v = 0.

Proof. (i) 0 · v = (0 + 0) · v = 0 · v + 0 · v, so 0 = 0 · v.

(ii) −v + v = 0 = 0v = (−1 + 1)v = (−1)v + 1v = (−1)v + v, so −v = (−1)v.
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(iii) Let λv = 0 and suppose λ 6= 0. Then λ−1 exists and λ−1(λv) = λ−10 = 0 but

λ−1(λv) = (λ−1λ)v = 1v = v so v = 0.

Example. (i) The space Fn of n-tuples with entries in F.

(ii) Let X be any set. The set FX of all functions X → F is a vector space over F
addition and multiplication de�ned pointwise.

De�nition. Let V be a vector space over F. A subset U ⊂ V is a subspace of V , written
U ≤ V if

• 0 ∈ U ;

• u1, u2 ∈ U =⇒ u1 + u2 ∈ U ;

• λ ∈ F, u ∈ U =⇒ λu ∈ U .

Equivalently, U 6= ∅ and U is closed under linear combinations.

Lemma 1.2. If V is a vector space over F and U ≤ V then U is a vector space over F
under the restriction of the operations + and · on V to U .

Example. (i) RR is a vector space over R. The set C(R) of continuous real functions
is a subspace, and hence a real vector space.

(ii) Similarly, one can also consider the subspaces D(R) and P (R)) of di�erentiable
and polynomial functions, respectively.

Remark. If n ∈ N0, λ1, . . . , λn ∈ F, v1, . . . , vn ∈ V write
∑n

i=1 λivi for the linear

combination λ1v1 + · · ·+ λnvn. By convention,
∑0

i=1 λivi = 0. Also note that all linear
combinations are �nite. If S ⊂ V , the linear combination

∑
v∈S λvv has only �nitely

many v such that λv 6= 0.

De�nition. The vector v1, . . . , vn in V span (or generate) V over F if any v ∈ V is a

linear combination of v1, . . . , vn. Write V = 〈v1, . . . , vn〉.
More generally, if S ⊂ V then S spans V if

∀v ∈ V ∃n ∈ N0 ∃v1, . . . , vn ∈ V ∃λ1, . . . , λn ∈ F v =
n∑
i=1

λivi.

Example. (i) P2(R) is spanned by 1, x, x2.

(ii) P (R) is not �nite-dimensional.

De�nition. The vectors v1, . . . , vn are linearly independent in V over F if whenever

λ1v1 + · · ·λnvn = 0 then λ1 = · · · = λn = 0. Otherwise, the vectors are linearly

dependent.

More generally, if S ⊂ V then S is linearly independent precisely if every �nite subset

of S is linearly independent.

Remark. 0 is never contained in a linearly independent set as 1 · 0 = 0.

Remark. (i) V = C is a vector space over R and 1, i are linearly independent.
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(ii) V = C is also a vector space over C. In this case, 1, i are linearly dependent.

De�nition. The vectors v1, . . . , vn form a basis of V if they both span V over F and

are linearly independent.

Example. (i) P2(R) has standard basis 1, x, x2.

(ii) Fn has standard basis e1, . . . , en where ei = (0, . . . , 1, . . . , 0)T .

(iii) {0} has basis ∅.

Lemma 1.3. v1, . . . , vn ∈ V form a basis of V over F if and only if each element v ∈ V
can be written uniquely as v =

∑n
i=1 λivi with λi ∈ F.

Proof. Let v ∈ V . v1, . . . , vn span V so v =
∑n

i=1 λivi for some λi ∈ F. If also

v =
∑n

i=1 µivi then 0 =
∑n

i=1(λi − µi)vi, so as v1, . . . , vn are linearly independent, we

have λi = µi for i = 1, . . . , n.

Conversely, since each v ∈ V is a linear combination of v1, . . . , vn, we have v1, . . . , vn
span V over F. They are linearly dependent since if

∑n
i=1 λivi = 0 =

∑n
i=1 0vi then

λi = 0 for i = 1, . . . , n by uniqueness.

Lemma 1.4. if v1, . . . , vn span V over F, some subset of {v1, . . . , vn} is a basis of V .

Proof. If v1, . . . , vn are linearly independent, we are done. Otherwise, for some k, there
exist α1, . . . , αk−1 ∈ F with vk = α1v1 + · · · + αk−1vk−1. (If λ1v1 + · · · + λnvn = 0
with not all λi = 0, take k maximal with λk 6= 0 and let αi = − λi

λk
.) Then

v1, . . . , vk−1, vk+1, . . . , vn still span V since whenever v =
∑n

i=1 λivi then v =
∑k−1

i=1 (αi+
λi)vi +

∑n
i=k+1 λivi. Continue deleting until we have a basis.

Theorem 1.5 (Steinitz Exchange Lemma). Let V be a �nite dimensional vector space

over F. Let v1, . . . , vm be linearly independent and let w1, . . . , wn span V over F. Then
m ≤ n, and reordering the wi if necessary, the vectors v1, . . . , vm, wm+1, . . . , wn span V .

Proof. Suppose we have replaced r ≥ 0 of the wi already, renumbering the wi if necessary,
we have v1, . . . , vr, wr+1, . . . , wn span V . If r = m, we are done. So assume r < m. Then

vr+1 =
r∑
i=1

αivi +
n∑

i=r+1

βiwi

for some αi, βi ∈ F. Note that βi 6= 0 for some i since v1, . . . , vr, vr+1 are linearly

independent. After reordering wr+1, . . . , wn we have βr+1 6= 0. Then

wr+1 =
r∑
i=1

−αi
βr+1

vi +
1

βr+1
vr+1 +

∑
i=r+2

−βi
βr+1

wi.

It follows that V is spanned by v1, . . . , vr, vr+1, wr+2, . . . , wn. After m steps, we shall

have replaced m of the wi by the vi, retaining the spanning property. It follows that

m ≤ n.

Theorem 1.6. If V is a �nite dimensional vector space over F, any two bases have the

same size, the dimension of V over F, dimF V .
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Proof. Let v1, . . . , vm and w1, . . . , wn be two bases. Then m ≤ n since the vi are linearly
independent and the wi span V . Also n ≤ m since the wi are linearly independent and

the vi span V .

Example. (i) dimF Fn = n;

(ii) dimR P2(R) = 3;

(iii) dimR C = 2;

(iv) dimF F = 1.

Lemma 1.7. If V is a �nite dimensional vector space over F, and if the vectors v1, . . . , vk
are linearly independent for some k ≥ 0, there exists a basis v1, . . . , vk, vk+1, . . . , vn of

V .

Proof. If v1, . . . , vk span V , we are done. Otherwise, take vk+1 ∈ V \ 〈v1, . . . , vk〉. Then
v1, . . . , vk+1 are linearly independent. We shall obtain a basis after dimV − k steps.

Remark. If V is �nite dimensional then whenever U ≤ V then dimU ≤ dimV with

equality if and only if U = V .

Lemma 1.8. Let V be a vector space over F with dimV = n.

(i) An independent set has at most n vectors, with equality if and only if it as basis.

(ii) A spanning set has at least n vectors, with equality if and only if it a basis.

Proof. (i) This follows from Lemma 1.7 and Theorem 1.6.

(ii) This follows from Lemma 1.4 and Theorem 1.6.

Lemma 1.9. Let dimF V = n. The following are equivalent.

(i) v1, . . . , vn form a basis.

(ii) v1, . . . , vn are linearly independent.

(iii) v1, . . . , vn span V .

Lemma 1.10. Let S ⊂ V . There is a unique smallest subspace U of V containing

S, denoted by U = 〈S〉, the subspace generated by S. In fact, U consists of linear

combinations of elements of S.

Proof. If we write U for the set of linear combinations of elements of S then U is a

subspace of V . On the other hand, U as de�ned above has to be in any subspace

containing S.

Example. Let V = RR and S = {1, x, x2, . . . }. Then 〈S〉 = P (R), the subspace of

polynomial functions.

Remark. (i) The intersection of any collection of subspaces is a subspace.

(ii) If U,W ≤ V de�ne U +W = {u+ w : u ∈ U,w ∈W}. Then U +W ≤ V .
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(iii) Note that U ∪W is a subspace if and only if U ⊂W or W ⊂ U .

Theorem 1.11. If U , W are �nite dimensional subspaces of V then U+W is also �nite

dimensional and dimU +W = dimU + dimW − dimU ∩W .

Proof. Let v1, . . . , vk be a basis for U ∩ W . Extend this to v1, . . . , vk, u1, . . . , ul
a basis for U and to v1, . . . , vk, w1, . . . , wm a basis for W . We claim

v1, . . . , vk, u1, . . . , ul, w1, . . . , wm is a basis for U +W .

• If v ∈ U +W , then v = u+w for some u ∈ U , w ∈W . Now u =
∑
αivi +

∑
βiui

for some αi, βi ∈ F and w =
∑
α′ivi +

∑
γiwi for some α

′
i, γi ∈ F, and therefore

v =
∑

(αi + α′i)vi +
∑

βiui +
∑

γiwi.

• Suppose
∑
αivi +

∑
βiui +

∑
γiwi = 0. Then∑

αivi +
∑

βiui = −
∑

γiwi

=
∑

δivi

for some δi ∈ F, using that the LHS is in U and the RHS is in W , so both vectors

are in U ∩W . Then ∑
(αi − δi)vi +

∑
βiui = 0,

and as v1, . . . , vk, u1, . . . , ul form a basis of U , we have that all βi are 0. But then∑
αivi +

∑
γiwi = 0,

and as v1, . . . , vk, w1, . . . , wm form a basis of W , we have that all αi, γi are 0.

De�nition. Let V be a vector space over F and suppose U,W ≤ V . Then

V = U ⊕W

if every element v of V can be written uniquely as v = u + w with u ∈ U and w ∈ W .

If so, we say W is the complement (or complementary subspace) of U in V .

Lemma 1.12. Suppose U,W ≤ V . Then V = U ⊕W if and only if U +W = V and

U ∩W = {0}.

Lemma 1.13. If V is a �nite dimensional vector space over F and U ≤ V , then U has

a complement in V . (Note this is not at all unique unless U = {0} or U = V .)

Proof. Take v1, . . . , vk a basis for U and extend to a basis u1, . . . , uk, wk+1, . . . , wn for

V . Then W = 〈wk+1, . . . , wn〉 is a complement of U in V .

Lemma 1.14. Suppose V1, . . . , Vk ≤ V and let
∑
Vi = {

∑
vi : vi ∈ Vi} ≤ V . The sum

is direct, written as
⊕
Vi, if each v ∈ V is uniquely expressible as

∑
vi with vi ∈ Vi.

Lemma 1.15. Let V1, . . . , Vk ≤ V . The following are equivalent.

(i)
∑
Vi is direct.
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(ii) If Bi is a basis for Vi then B =
⋃k
i=1Bi is a basis for

∑
Vi.

(iii) For each i, Vi ∩
∑

j 6=i Vj = {0}.

Note that in (iii), if k > 2 it is not enough to assume Vi ∩ Vj = {0} for all i 6= j.

Proof. We show (i) =⇒ (ii). Let Bi be a basis for Vi, let B =
⋃k
i=1Bi. If v ∈

∑
Vi

then v =
∑k

i=1 vi, and vi can be written as a linear combination of vectors in Bi, so
substitute for each vi and obtain v as a linear combination of B. If we have a linear

combination of vectors in B equal to 0, collect together terms in each Vi, let vi denote
the part in Vi. Then v1 + · · ·+vk = 0. By uniqueness of expression for 0, we have vi = 0.
Now Bi is linear independent, so all coe�cients are 0.



Chapter 2

Linear maps, matrices

2.1 Basic de�nitions and properties

De�nition. Let V , W be vector spaces over F. The map α : V →W is linear if

α(v1 + v2) = α(v1) + α(v2)
α(λv) = λα(v)

for v, v1, v2 ∈ V , λ ∈ F.

Example. (i) The map D : D(R) → F (R) = RR, f 7→ df
dt is linear.

(ii) The map
∫ x
0 : C[0, 1] → F [0, 1], f 7→

∫ x
0 f(t) dt is linear.

(iii) If A is an m× n matrix, the map α : Fn → Fm, x 7→ Ax is linear.

Lemma 2.1. Let U, V,W be vector spaces.

(i) ιv : V → V, v 7→ v is linear.

(ii) If U
β−→ V

α−→W with α, β linear, then so is α ◦ β : U →W .

Lemma 2.2. Let V , W be vector spaces over F, let B be a basis for V . If α0 : B →W
is any map, there is a unique linear map α : V →W which extends α0, so α(v) = α0(v)
for all v ∈ B.

Proof. For v ∈ V with v = λ1v1 + · · · + λnvn where vi ∈ B, λi ∈ F, we must have

α(v) =
∑
λiα0(vi). Then α is linear.

De�nition. If V , W are vector spaces over F, the map α : V → W is an isomorphism

if it is linear and bijective. Write V 'W is an isomorphism V →W exists.

Lemma 2.3. ' is an equivalence relation on the set of vector spaces over F.

(i) ιV : V → V is an isomorphism.

(ii) If α : V →W is an isomorphism, then α−1 : W → V is an isomorphism.

(iii) If U
α−→ V

β−→W are isomorphisms then so is β ◦ α : U →W .
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Proof. (i) and (iii) are clear. To prove (ii), suppose α is an isomorphism so α−1 : W → V
exists and is a bijection.

α−1(w1 + w2) = α−1(α(v1) + α(v2))

= α−1(α(v1 + v2))
= v1 + v2

= α−1(w1) + α−1(w2)

α−1(λw) = α−1(λα(v))

= α−1(α(λv))
= λv

= λα−1(w)

So α−1 is linear.

Theorem 2.4. If V is a vector space over F of �nite dimension n, then V ' Fn.

Proof. Choose a basis v1, . . . , vn. The map α : V → Fn,
∑n

i=1 λivi 7→ (λ1, . . . , λn)T is

an isomorphism.

Theorem 2.5. The vector spaces V , W over F are isomorphic if and only if they have

the same dimension.

Proof. If v1, . . . , vn and w1, . . . , wn are bases for V and W , respectively, then the map

α : V →W,
∑
λivi 7→

∑
λiwi is an isomorphism.

The image of a basis of V under an isomorphism is a basis of W . Let B be a basis of

V , α : V →W an isomorphism. Then α(B) is a basis of W .

• If w ∈W , then w = α(v) for some v ∈ V ; write v =
∑n

i=1 λivi with v1, . . . , vn ∈ B,
λi ∈ F. Then w = α(

∑
λivi) =

∑
λiα(vi).

• If λ1α(v1)+· · ·+λnα(vn) = 0 then α(λ1v1+· · ·+λnvn) = 0 so λ1v1+· · ·+λnvn = 0
as α is injective. Hence λi = 0 for all i as B is independent.

Remark. These isomorphisms are not natural, they depend on the choice of bases.

De�nition. Let α : V → W be a linear map. Write ker(α) = {v ∈ V : α(v) =
0} = N(α), the nullspace of α, and Im(α) = {w ∈ W : w = α(v) for some v ∈ V }.
Then N(α) ≤ V , Im(α) ≤ W . Note that α is injective if and only if N(α) = {0} and

surjective if and only if Im(α) = W . De�ne n(α) = dimN(α), the nullity of α, and
rank(α) = dim Im(α), the rank of α.

Theorem 2.6 (Rank-nullity theorem). Let V , W be vector spaces over F with dimF V
�nite. Let α : V →W be a linear map. Then dimV = rank(α) + n(α).

Proof. Let v1, . . . , vk be a basis for N(α), extend to v1, . . . , vk, vk+1, . . . , vn a basis for

V . We claim α(vk+1), . . . , α(vn) is a basis for Im(α).

• If w ∈ Im(α), say w = α(v), v ∈ V , then v =
∑n

i=1 λivi for some λi ∈ F. So

w = α(v) =
∑n

i=1 λiα(vi) =
∑n

k+1 λiα(vi), since α(vi) = 0 for i = 1, . . . , k.
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• If
∑n

i=k+1 λiα(vi) = 0 then α(
∑n

i=k+1 λivi) = 0, so
∑n

i=k+1 λivi ∈ N(α), so it can
be written as

∑k
i=1 λivi. But v1, . . . , vn are linearly independent, so λi = 0 for

i = 1, . . . , n.

Remark. The rank-nullity theorem is a linear version of the isomorphism theorem. Let

V be a vector space over F and N ≤ V . Then V/N = {v+N : v ∈ V } is a vector space
over F with the operations de�ned as follows.

(v1 +N) + (v2 +N) = (v1 + v2) +N

λ(v +N) = (λv) +N

Write V̄ = V/N , v̄ = v + N . Choose a basis v1, . . . , vk, vk+1, . . . , vn for V containing

the basis v1, . . . , vk for N(α). Then ¯vk+1, . . . , v̄n is a basis for V̄ . Hence dimV/N =
dimV − dimN . Now let α : V → W be linear for some vector space W over F.
Then V/N(α) h Im(α). The map v + N(α) 7→ α(v) is linear. Hence dim Im(α) =
dimV/N(α) = dimV − dimN(α).

Lemma 2.7. Let V be a vector space of �nite dimension over F, let α : V → V be

linear. (More generally, consider α : V → W with dimV = dimW .) The following are

equivalent.

(i) α is an isomorphism.

(ii) α is surjective.

(iii) α is injective.

Proof. Apply the rank-nullity theorem.

2.2 The space of linear maps

De�nition. Let U , V be vector spaces over F. L(U, V ) = {a : U → V | α linear} is a
vector space with

(α1 + α1)(u) = α1(u) + α2(u)
(λα)(u) = λα(u)

for u ∈ U , for α, α1, α2 ∈ L(U, V ), λ ∈ F. (To show this is a vector space over F, consider
the vector space of all functions U → V and show L(U, V ) is a subspace.)

Proposition 2.8. If U , V are vector spaces over F, then L(U, V ) is a vector space over F.
If both U , V are �nite dimensional, then so is L(U, V ) and dimL(U, V ) = dimU dimV .

Proof. It remains to check the dimension claim. Let u1, . . . , un be a basis for U , let
v1, . . . , vm be a basis for V . For 1 ≤ i ≤ m, 1 ≤ j ≤ n, de�ne εij : uk 7→ δjkvi for
1 ≤ k ≤ n, and extend linearly. Then εij ∈ L(U, V ), and they form a basis.

If
∑

i,j λijεij = 0, then in particular for all 1 ≤ k ≤ n,

0 =
∑
i,j

λijεij(uk) =
∑
i

λikvi.
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Now the vi are linearly independent, so λik = 0 for all 1 ≤ i ≤ m. This is true for all

1 ≤ k ≤ n, so the εij are linearly independent.

Let α ∈ L(U, V ), say α(uk) =
∑

i aikvi. Then∑
i,j

(aijεij(uk)) =
∑
i

aikvi = α(uk)

for any 1 ≤ k ≤ n, so the maps are equal on a basis of U , hence they are equal by

Lemma 2.2.

2.3 Matrices

De�nition. An m× n matrix over F is an array A = (aij) with m rows and n columns

and aij ∈ F for 1 ≤ i ≤ m, 1 ≤ n ≤ n. Write Mm,n(F) for the set of all m× n matrices

over F.

Proposition 2.9. Mm,n(F) is a vector space under operations

(aij) + (bij) = (aij + bij)
λ(aij) = (λaij)

with dimFMm,n(F) = mn.

Proof. We prove the dimension claim. For 1 ≤ i ≤ m, 1 ≤ j ≤ n de�ne

Eij =

{
eij = 1
ei′j′ = 0 if (i′, j′) 6= (i, j).

This is a natural basis.

Let U , V be �nite dimensional vector spaces over F, let α : U → V be linear. Fix bases

B = {u1, . . . , un} and C = {v1, . . . , vm} for U and V , respectively. De�ne A = (aij) by
α(uj) =

∑
i aijvi. For u ∈ U with u =

∑
i λiui write [u]B = (λ1, . . . , λn)T . Then

A =
(
[α(u1)]C · · · [α(un)]C

)
,

denoted A = [α]B,C .

Lemma 2.10. For all u ∈ U , [α(u)]C = [α]B,C [u]B

Proof. If u ∈ U , u =
∑

j λjuj so [u]B = (λ1, . . . , λn)T , then

α(u) =
∑
j

λjα(uj)

=
∑
j

λj
∑
i

aijvi

=
∑
i

∑
j

aijλjvi

=
∑
i

(A · [u]B)ivi

so [α(u)]C = A · [u]B.
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Remark. Let B = {u1, . . . , un}, C = {v1, . . . , vm} be bases for U, V , respectively. Set
ε = εB : U → Fn, u 7→ [u]B, φ = φC : V → Fm, v 7→ [v]C . We have the following

commuting diagram.

U
α−−−−→ V

εB

y yφC

Fn A·−−−−→ Fm

Remark. In fact, A as de�ned above is the only matrix for which [α(u)]C = A · [u]B
for all u ∈ U . If also A′ · [u]B = [α(u)]C for all u ∈ U , then this is in particular true

for u1, . . . , un. But [uk]B = ek and A
′ · ek is the kth column of A′. This is true for each

1 ≤ k ≤ n, so it determines the matrix.

Proposition 2.11. If α : U → V is linear and dimU = n, dimV = m, then L(U, V ) '
Mm,n(F).

Proof. Let B = {u1, . . . , un} and C = {v1, . . . , vm} be bases for U and V , respectively.
Then θ : L(U, V ) →Mm,n(F), α 7→ [α]B,C is an isomorphism.

Lemma 2.12. Let U
α−→ V

β−→ W be linear and choose bases B,C,D for U, V,W ,

respectively. Then [β ◦ α]B,D = [β]C,D · [α]B,C .

Proof. Write A = [α]B,C , B = [β]C,D. Then

β ◦ α(uk) = β
∑
j

ajkvj

=
∑
j

ajk
∑
i

bijwi

=
∑
i

∑
j

bijajkwi

=
∑
i

(BA)ikwi

so [β ◦ α]B,D = BA.

2.4 Change of bases

Let U and V be vector spaces over F. Suppose U has bases B = {u1, . . . , un} and

B′ = {u′1, . . . , u′2}, V has bases C = {v1, . . . , vm} and C ′ = {v′1, . . . , v′m}. The matrix

P = (pij) is the change of bases matrix from B to B′ if u′j =
∑

i pijui, so

P =
(
[u′1]B . . . [u′n]B

)
= [ιU ]B′B.

Then [u]B = P [u]B′ for all u ∈ U . (This is clear for each u′j since [u′j ]B′ = ej .) Note

that P is invertible, in fact, P−1 is the change of basis matrix from B′ to B. Similarly,
we obtain the change of basis matrix Q from C to C ′.

Lemma 2.13. Let α : U → V be a linear map, let B,B′, C, C ′ be as above and let

A = [α]B,C , A′ = [α]B′,C′ . Then A′ = Q−1AP .
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Proof. For all u ∈ U we have

[α(u)]C = A[u]B = AP [u]B′

= Q[α(u)]C′

so A′ = Q−1AP .

De�nition. The m×n matrices A,A′ ∈Mm,n(F) are equivalent if there exist invertible
matrices Q ∈Mm,m(F), P ∈Mn,n(F) such that A′ = QAP . This de�nes an equivalence

relation on Mm,n(F).

Equivalent matrices arise as representing the same linear map from a space U to a space

V of dimension m and n with respect to di�erent bases.

Lemma 2.14. (i) Let U , V be vector spaces over F with dimU = n, dimV = m.

Let α : U → V be linear. There exist bases B of U and C of V such that

[α]B,C =
(
Ir 0
0 0

)
for some r.

(ii) Any m× n matrix is equivalent to
(
Ir 0
0 0

)
for some r.

Proof. (i) Let ur+1, . . . , un be a basis for N(α), extend this to a basis B =
{u1, . . . , ur, ur+1, . . . , un} of U . Then α(u1), . . . , α(r) is a basis of Im(α). We

can extend this to a basis C = {α(u1), . . . , α(ur), vr+1, . . . , vm} of V . Then

[α]B,C =
(
Ir 0
0 0

)
.

(ii) Let A ∈ Mm,n(F). De�ne α : Fn → Fm, x 7→ Ax. With respect to the standard

bases of Fn, Fm, α has matrix A. By part (i) and Lemma 2.13, A is equivalent to(
Ir 0
0 0

)
for some r.

2.5 Rank

De�nition. Let A ∈Mm,n(F). The (column) rank of A, denoted rank(A) is the dimen-
sion of the column space of A. The column space is the subspace of Fn generated by the

column vectors of A.

Lemma 2.15. Let α : U → V be linear, let B be a basis for U , and C be a basis for V .
Let A = [α]B,C . Then rank(α) = rank(A).

Proof. The map θ : Im(α) → colsp(A), α(u) 7→ [α(u)]C is an isomorphism.

Proposition 2.16. The matrices A,A′ ∈ Mm,n(F) are equivalent if and only if

rank(A) = rank(A′).

Proof. Assume A′ = Q−1AP with Q,P invertible. Let α : Fn → Fm, x 7→ Ax. Then

α with respect to standard bases B,C has matrix A. Let B′ be the set of columns of
P , let C ′ be the set of columns of Q′. Then [α]B′,C′ = Q−1AP by Lemma 2.13 since

P and C are the change of basis matrices from B to B′ and C to C ′, respectively. So
rank(A) = rank(α) = rank(A′) by Lemma 2.15.

We have that A and A′ are equivalent to
(
Ir 0
0 0

)
and

(
Ir′ 0
0 0

)
for some r and r′, respectively.

By the �rst part, rank(A) = r, rank(A′) = r′. Since rank(A) = rank(A′) we have r = r′

so A and A′ are equivalent by transitivity of the equivalence relation.
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De�nition. For A ∈Mm,n(F) let rowrk(A) = dim rowsp(A) = rank(AT ).

Theorem 2.17. For A ∈Mm,n(F), rowrk(A) = rank(A).

Proof. Let A ∈ Mm,n(F), let r = rank(A). Then A is equivalent to
(
Ir 0
0 0

)
m×n, so(

Ir 0
0 0

)
m×n = QAP for some invertible matrices Q, P . Consider the transpose,

P TATQT =
(
Ir 0
0 0

)
n×m

sp AT is equivalent to
(
Ir 0
0 0

)
n×m. Visibly, rank

(
Ir 0
0 0

)
n×m = r, so rowrk(A) =

rank(AT ) = rank
(
Ir 0
0 0

)
n×m = r = rank(A).

2.6 Calculations

De�nition. The following are the elementary column operations on an m × n matrix

over F.

(i) Swap columns i and j.

(ii) Replace column i by λ column i, where λ ∈ F \ {0}.

(iii) Add λ column i to column j, where i 6= j and λ ∈ F.

The corresponding elementary matrices are obtained by applying these operations to In.
Call these Tij , Mi,λ and Ci,j,λ. An elementary column operation on A can be performed

by postmultiplying A with the corresponding elementary matrix. All these operations

are reversible.

De�nition. A an m × n matrix with the following properties is said to be in column

echelon form.

(i) The highest placed non-zero entry in column j is 1 in row ij , with i1 ≤ i2 ≤ · · · .

(ii) The entry in row ij and column k with k < j is 0.

Lemma 2.18. Any matrix A can be reduced to a matrix in column echelon form by a

sequence of elementary column matrices.

Remark. If A is a square n×n matrix and is invertible, the equivalent column echelon

form is In. This can be used to �nd A−1.

A 7→ AE1E2 · · ·Ek = I

In 7→ InE1E2 · · ·Ek = A−1.

Lemma 2.19. If A is an invertible n × n matrix then A is a product of elementary

matrices.

Proof. By the above remark, A−1 = E1 · · ·Ek is a product of elementary matrices, hence
so is A = E−1

k · · ·E−1
1 .

De�nition. Two n × n matrices A, A′ are similar if A′ = P−1AP for some invertible

matrix P .





Chapter 3

Determinant and trace

De�nition. For A ∈Mn(F) de�ne trA =
∑n

i=1 aii. Note tr : Mn(F) → F is linear.

Lemma 3.1. tr(AB) = tr(BA).

Proof. tr(AB) =
∑

i

∑
j aijbji =

∑
j

∑
i bjiaij = tr(BA).

Lemma 3.2. Similar matrices have the same trace.

Proof. tr(P−1AP ) = tr(APP−1) = tr(A).

Remark. For α ∈ End(V ) we can de�ne tr(α) = tr[α]B, where B is any basis for V .

Recall that Sn is the group of all permutations of {1, . . . , n}. The elements are permu-
tations, the group operation is composition of permutations (σ ◦ τ)(j) = σ(τ(j)). Any σ
can be written as a product of transpositions.

ε(σ) =

{
+1 if # permutations is even,

−1 if # permutations is odd.

ε : Sn → {+1,−1} is a homomorphism.

De�nition. For A ∈Mn(F) de�ne

detA =
∑
σ∈Sn

ε(σ)aσ(1)1 · · · aσ(n)n.

Writing A(i) for the ith column of a matrix A we have A = (A(1), . . . , A(n)), so we can

think of A is an n-tuple of columns in Fn. Write {e1, . . . , en} for the standard basis of

Fn.

De�nition. The function d : Fn × · · · × Fn → F is a volumne form on Fn if

(i) it is multilinear, i.e.

d(v1, . . . , λivi, . . . , vn) = λd(v1, . . . , vi, . . . , vn)
d(v1, . . . , vi + v′i, . . . , vn) = d(v1, . . . , vi, . . . , vn) + d(v1, . . . , v′i, . . . , vn)

(ii) it is alternating, i.e. whenever i 6= j and vi = vj then d(v1, . . . , vn) = 0.
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d is a determinant function if it is also normalised, i.e. d(e1, . . . , en) = 1.

Lemma 3.3. Swapping columns in a volume form changes the sign. For i 6= j,

d(v1, . . . , vj , . . . , vi, . . . , vn) = −d(v1, . . . , vi, . . . , vj , . . . , vn).

Proof.

0 = d(v1, . . . , vi + vj , . . . , vi + vj , . . . , vn)
= 0 + d(v1, . . . , vi, . . . , vj , . . . , vn) + d(v1, . . . , vj , . . . , vi, . . . , vn) + 0

Corollary 3.4. If σ ∈ Sn and d is a volume form on Fn then

d(vσ(1), . . . , vσ(n) = ε(σ)d(v1, . . . , vn)

for v1, . . . , vn ∈ Fn. In particular,

d(eσ(1), . . . , eσ(n) = ε(σ)d(e1, . . . , en)

= ε(σ)

if d is a determinant function.

Theorem 3.5. If d is a volume form on Fn and A = (aij) = (A(1), . . . , A(n)) ∈ Mn(F)
then d(A(1), . . . , A(n)) = detAd(e1, . . . , en).

Proof.

d(A(1), . . . , A(n)) = d(
∑
j1

aj11ej1 , A
(2), . . . , A(n))

=
∑
j1

aj11d(ej1 , A
(2), . . . , A(n))

=
∑
j1,j2

aj11aj22d(ej1 , ej2 , A
(3), . . . , A(n))

= · · ·

=
∑

j1,...,jn

aj11 · · · ajnnd(ej1 , . . . , ejn)

=
∑
σ∈Sn

aσ(1)1 · · · aσ(n)nε(σ)d(e1, . . . , en)

= (detA)d(e1, . . . , en).

Theorem 3.6. If we de�ne d : Fn × · · · × Fn → F by d(A(1), . . . , A(n)) = detA for

A = (A(1), . . . , A(n)) then d is a determinant function.

Proof. (i)
∏n
j=1 aσ(j)j is multilinear, hence so is the linear combination detA.

(ii) If A(k) = A(l) with k 6= l then detA = 0. Write τ = (kl), a transposition in Sn.

detA =
∑
σ∈Sn

ε(σ)
∏
j

aσ(j)j
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Reorder the sum, take each even permutation σ followed by the odd permutation

στ and note ε(σ) = 1, ε(στ) = −1. Thus

detA =
∑
σ even

∏
j

aσ(j)j −
∏
j

aστ(j)j

 = 0

as each of the summands is zero since

aσ(1)1 · · · aσ(k)k · · · aσ(l)l · · · aσ(n)n

− aσ(1)1 · · · aσ(l)k · · · aσ(k)l · · · aσ(n)n = 0.

(iii) detA =
∑

σ∈Sn
ε(σ)

∏n
j=1 δσ(j)j = ε(ι) · 1 = 1.

Lemma 3.7. detAT = detA.

Proof. If σ ∈ Sn then
∏n
j=1 aσ(j)j =

∏n
j=1 ajσ(j) as they contain the same factors but in

a di�erent order. Also, as σ runs through Sn, so does σ
−1 and ε(σ−1) = ε(σ). Hence

detA =
∑
σ∈Sn

ε(σ)
n∏
j=1

aσ(j)j

=
∑
σ∈Sn

ε(σ)
n∏
j=1

ajσ−1(j)

=
∑
σ∈Sn

ε(σ)
n∏
j=1

ajσ(j)

= detAT

Lemma 3.8. det is the unique multilinear alternating form in rows normalised at I.

Lemma 3.9. If A is an upper triangular matrix, i.e. aij = 0 for all i > j, then detA =
a11 · · · ann.

Proof. From the de�nition the determinant,

detA =
∑
σ∈Sn

ε(σ)aσ(1)1 · · · aσ(n)n.

For a product to contribute, we must have σ(i) ≤ i for all i = 1, . . . , n. Hence σ(1) = 1,
σ(2) = 2, . . . , σ(n) = n, so σ = ι and hence detA = a11 · · · ann.

Lemma 3.10. If E is an elementary matrix, then for any n× n matrix A,

det(AE) = detAdetE = det(EA).

Performing an elementary column or row operation on A multiplies detA by the deter-

minant of the corresponding elementary matrix.

Proof. Note that for the determinants of the elementary matrices we have detTij = −1,
detMi,λ = λ, detCi,j,λ = 1. Performing the corresponding elementary column or row

operation multiplies detA by −1, λ, 1, respectively.
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Theorem 3.11. Let A be a square matrix. Then A is non-singular if and only if

detA 6= 0.

Proof. If A is non-singular then A can be written as a product of elementary matrices by

Lemma 2.19, so detA is the product of the corresponding determinants, so detA 6= 0.

If A is singular we can obtain a 0 column as a non-trivial combination of columns of A,
so using elementary column operations on A we can obtain a matrix with a 0 column.

Hence detA = 0 by Lemma 3.10.

Theorem 3.12. If A,B ∈Mn(F), then det(AB) = det(A) det(B).

Proof. Fix A; then dA : (B(1), . . . , B(n)) 7→ det(AB) for B = (B(1), . . . , B(n)) is a volume
form on Fn. Note that det(AB) = dA(AB(1), . . . , AB(n)) an so dA is multilinear and

alternating. Hence

det(AB) = dA(B(1), . . . , B(n))
= detBdA(e1, . . . , en)
= det(B) det(A),

using Theorem 3.5.

Proof. Expand as before.

det(AB) = det

∑
j1

bj11A
(j1), . . . ,

∑
jn

bjnnA
(jn)


=
∑
σ∈Sn

 n∏
j=1

bσ(j)j

det(Aσ(1), . . . , Aσ(n))

=
∑
σ∈Sn

 n∏
j=1

bσ(j)j

 ε(σ) detA

= det(A) det(B).

Proof. If B is singular, so is AB and hence detB = 0 = det(AB). So assume B is non-

singular and write it as a product of elementary matrices, B = E1 · · ·Ek by Lemma 2.19.
Using Lemma 3.10,

det(AB) = det(AE1 · · ·Ek)
= detAdetE1 · · ·detEk
= detAdetB.

Corollary 3.13. If A is invertible then detA−1 = (detA)−1.

Proof. As A is invertible, AA−1 = I so (detA)(detA−1) = det I = 1 and hence

detA−1 = (detA)−1.

Corollary 3.14. Conjugate n× n matrices have the same determinant.
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Proof.

det(P−1AP ) = detP−1 detAdetP

= (detA)(detP )(detP )−1

= detA

De�nition. If α : V → V is a linear endomorphism, de�ne detα = det[α]B for any

basis B of V .

Theorem 3.15. det : End(V ) → F has the following properties.

(i) det ι = 1.

(ii) detα ◦ β = detα detβ.

(iii) detα 6= 0 if and only if α is invertible, and if α is invertible then detα−1 =
(detα)−1.

Remark. Consider the group GL(V ) of automorphisms of V and the group GLn(F) of
invertible n × n matrices over F. Then GL(V ) ' GLn(F) and det : GLn(F) → F is a

homomorphism.

Lemma 3.16. If A ∈ Mm(F), B ∈ Mk(F) and C ∈ Mm,k(F). Then det
(
A C
0 B

)
=

detAdetB.

Proof. Fix B,C. Then dB,C : A 7→ det
(
A C
0 B

)
is a volume form on the column space

Fm. Hence by Theorem 3.5, dB,C(A) = detAdet
(
I C
0 B

)
. Now keep C �xed. The map

B 7→ det
(
I C
0 B

)
is a volume form on the rowspace Fk. Hence det

(
I C
0 B

)
= detB

(
I C
0 I

)
.

Now det
(
I C
0 I

)
= 1 as

(
I C
0 I

)
is triangular. So det

(
A C
0 B

)
= detAdetB.

Proof. Write X =
(
A C
0 B

)
and expand the expression for the determinant.

det
(
A C
0 B

)
=

∑
σ∈§m+n

ε(σ)
m+n∏
j=1

xσ(j)j

Note xσ(j)j = 0 if j ≤ m, σ(j) > m, so we only sum over σ with the following properties.

(i) For j ∈ [1,m], σ(j) ∈ [1,m]. Here xσ(j)j = aσ1(j)j where σ1 ∈ Sm is the restriction

of σ to [1,m].

(ii) For j ∈ [m + 1,m + k], σ(j) ∈ [m + 1,m + k]. Here, writing l = j −m, we have

xσ(j)j = bσ2(l)l where σ2(l) = σ(m+ l)−m.

Noting also that ε(σ) = ε(σ1)ε(σ2) for such σ, we obtain

det
(
A C
0 B

)
=

 ∑
σ1∈Sm

ε(σ1)
m∏
j=1

aσ1(j)j

 ∑
σ2∈Sk

ε(σ2)
k∏
l=1

aσ2(j)j


= detAdetB

Lemma 3.17. Let A = (aij) be an n × n matrix. Write A
bij for the (n− 1)× (n− 1)

matrix obtained from A by deleting row i and column j.
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(i) For �xed j, detA =
∑n

i=1(−1)i+jaij det(A
bij).

(ii) For �xed i, detA =
∑n

j=1(−1)i+jaij det(A
bij).

Proof.

detA = d(A(1), . . . , A(n))

=
n∑
i=1

aij(−1)i+j−2d

(
1 ∗
0 A

bij

)

=
n∑
i=1

(−1)i+jaij detA
bij ,

using Lemma 3.16.

Remark. This can be used as a de�nition of determinant.

De�nition. Let A ∈ Mn(F). The adjugate adjA is the n × n matrix with (i, j) entry
equal to (−1)i+j detA

bij .

Theorem 3.18. (i) (adjA)A = (detA)I.

(ii) If A is invertible then A−1 = 1
detA adjA.

Proof. (i) By Lemma 3.17,

detA =
n∑
i=1

(adjA)jiaij = (adjA ·A)jj .

Also, for j < k,

0 = det(A(1), . . . , A(k), . . . , A(k), . . . , A(n))

=
n∑
i=1

(adjA)jiaik

= (adjA ·A)jk.

(ii) If A is invertible, then detA 6= 0, so 1
detA adjA · A = I and hence we deduce

A−1 = 1
detA adjA.

Consider the system of linear equations Ax = b with m equations and n unknowns.

Here A is an m× n matrix, b is a column vector in Fm. This has a solution if rankA =
rank(A| b). The solution is unique if and only if n = rankA = rank(A| b), then the

solution is x = A−1b. To solve this equation, use Gaussian elimination. In the case

m = n, there is another method.

Lemma 3.19 (Cramer's rule). If A ∈ Mn(F) is non-singular then Ax = b has x =
(x1, . . . , xn)T with xi = 1

detA detAîb for i = 1, . . . , n as its unique solution, where Aîb is
the matrix obtained from A by deleting column i and inserting b.
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Proof. Assume x is the solution of Ax = b. Then

detAîb = det(A(1), . . . , A(i−1), b, A(i+1), . . . , A(n))

=
∑
j=1

xj det(A(1), . . . , A(i−1), A(j), A(i+1), . . . , A(n))

= xi detA,

so xi = 1
detA detAîb for i = 1, . . . , n.

Corollary 3.20. If A ∈Mn(Z) with detA = ±1 and if b ∈ Zn then we can solve Ax = b
over Z.





Chapter 4

Endomorphisms, matrices, eigenvectors

In this chapter, unless stated otherwise we assume V is a vector space over F, where F
is R or C, and α : V → V is a linear map.

De�nition. Let α ∈ End(V ). α is diagonalisable if there is a basis B of V such that

[α]B is diagonal, i.e. whenever i 6= j then aij = 0. α is triangulisable if there is a basis B
of V such that [α]B is upper triangular, i.e. whenever i > j then aij = 0.

A square matrix is diagonalisable (resp. triangulisable) if it is conjugate to a diagonal

(resp. upper triangular) matrix.

De�nition. Let α ∈ End(V ). Then λ ∈ F is an eigenvalue of α if there exists a vector

v ∈ V with v 6= 0 and α(v) = λv. v is then called an eigenvector corresponding to λ.

Remark. λ is an eigenvalue of α if and only if α − λι is singular, or det(α − λι) = 0,
equivalently. In particular, λ = 0 is an eigenvalue if and only if α is singular.

De�nition. The polynomial χα(t) = det(α − tι) is the characteristic polynomial of α.
It is a polynomial of degree n = dimV . If A ∈Mn(F), χα(t) = det(A− tI).

Remark. Eigenvalues of α are precisely the roots of the characteristic polynomial. For a

matrix A, λ is an eigenvalue of A if χA(λ) = 0 and v ∈ Fn is a corresponding eigenvector
if v 6= 0 and Av = λv.

Lemma 4.1. Conjugate matrices have the same characteristic polynomial and hence

the same eigenvalues.

Proof.

χP−1AP (t) = det(P−1AP − tI)

= detP−1 det(A− tI) detP
= χA(t).

Remark. The matrix
(

1 1
0 1

)
is not diagonalisable. The only diagonal 2× 2 matrix with

eigenvalues 1, 1 is I, but this is self-conjugate.

Recall that every polynomial of degree at least 1 over C has a root (and hence in fact

n roots, counting with multiplicities).

Lemma 4.2. If V is a �nite dimensional vector space over C and α ∈ End(V ) then α
has an eigenvector in V .
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Theorem 4.3. Let V be a �nite dimensional vector space over C and let α ∈ End(V ).
There exists a basis B of V such that [α]B is upper triangular. In other words, there

exists a basis B = {v1, . . . , vn} with α(vj) ∈ 〈v1, . . . , vj〉 for each j = 1, . . . , n.

Proof. We prove this by induction on n. It is clear if n = 1, so assume n > 1. Since

V is a vector space over C, there exists λ ∈ C such that α − λι is singular. Consider

U = Im(α−λι) � V , where we know U is a proper subspace by the rank-nullity theorem.

Then α(U) ⊂ U .

α(U) = α((α− λι)(V )) = (α− λι)(αV ) ≤ (α− λι)(V ) = U.

Consider α′ = α|U : U → U . This is a linear map and dimU < dimV . By induction,

there exists a basis B′ = {v1, . . . , vk} of U with A′ = [α′]B′ upper triangular. Extend

this to a basis B = {v1, . . . , vk, . . . , vn} of V . We claim [α]B is upper triangular. In fact,

[α]B =
(
A′ ∗
0 λI

)
.

If 1 ≤ j ≤ k, α(vj) = α′(vj) ∈ U , so the entries in the �rst k columns are as claimed. If

j > k, (α − λι)(vj) ∈ U by de�nition of U , so α(vj) = λvj + u for some u ∈ U , so the

�rst k entries of column j are the coordinates of u with respect to B′ and the only other

non-zero entry is λ in the position (j, j).

Proof. Let v1 be an eigenvector of α, say α(v1) = λv1. Let U be any complementary

subspace to 〈v1〉 in V . For v ∈ V we have v = λvv1+u with u ∈ U unique, λv ∈ F. Write

π(v) = u, a projection from V to U . For u ∈ U de�ne α̃ : U → U by α̃(u) = π(α(u)).
Then α̃ ∈ End(U). By induction, there is a basis v2, . . . , vn of U with α̃(vj) ∈ 〈v2, . . . , vj〉
for 2 ≤ j ≤ n. Then α(vj) = λα(vj)vj + α̃(vj) ∈ 〈v1, . . . , vj〉 and α(v1) ∈ 〈v1〉.

Theorem 4.4. Every square matrix over C is conjugate to an upper triangular matrix.

Remark. This is not true over R, e.g. rotations other than ±I on R2.

Theorem 4.5. Let V be a �nite dimensional vector space over a �eld F and let α ∈
End(V ). There exists a basis B of V such that [α]B is upper triangular if and only if

χα factorises into linear factors, i.e. if and only all roots of χα are in F.

Proof. If

[α]B =

a11 ∗
. . .

0 ann


then χα(t) = (a11 − t) · · · (ann − t) with aij ∈ F.
We prove the converse by induction on dimF V . Let λ be an eigenvalue in F, let U =
(α− λι)(V ). Then α(U) ≤ U � V . Let α′ = α|U ∈ End(U). Let B′ be any basis for U
and extend this to a basis B of V . Then

[α]B =
(

[α′]B′ ∗
0 λI

)
.

Now χα(t) = χα′(t)χλI(t). It follows that all roots of χα′ lie in F, so we can use induction.
Replace B′ is necessary so that [α′]B′ is upper triangular.
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Remark (See Examples Sheet 3). Let α ∈ End(V ) and asume U � V with α(U) ≤ U .
Let B′ = {v1, . . . , vk} be a basis of U and extend this to a basis B = {v1, . . . , vk, . . . , vn}
of V . Let V̄ = V/U , v̄ = v+U for v ∈ V . Then B̄ = {v̄k+1, . . . , v̄n} is a basis of V̄ . We

can de�ne α′ = α|U ∈ End(U) and ᾱ : V̄ → V̄ , v̄ 7→ ¯α(v), a well-de�ned endomorphism

of V̄ . Then

[α]B =
(

[α′]B′ ∗
0 [ᾱ]B̄

)
.

Note that also χα = χα′ · χᾱ.

Remark. Let V be a �nite dimensional vector space over F, α ∈ End(V ) and B a basis

for V . Then [α]B is diagonal if and only if B consists of eigenvectors of α.

Lemma 4.6. If α ∈ End(V ) and λ1, . . . , λk are distinct eigenvalues of α, put Vj =
N(α−λjι), called the eigenspace of λj . Then the sum V1 + · · ·+Vk is direct, so if Bj is a
basis for Vj then

⋃k
j=1Bj is a basis of V1+· · ·+Vk. In particular, if

∑k
j=1 dimVj = dimV

then [α]B is diagonal and V = V1 ⊕ · · · ⊕ Vk.

Proof. We need to show that if v1+. . .+vk = 0 with vj ∈ Vj then vj = 0 for j = 1, . . . , k.
Suppose not and let

v1 + · · ·+ vj = 0

be the shortest non-trivial expression. Apply α and subtract λ1 times the above expres-

sion,

α(v1) + · · ·+ α(vj)− λ1v1 − · · · − λ1vj = 0
⇐⇒ (λ2 − λ1)v2 · · ·+ (λj − λ1)vj = 0,

which is a shorter non-trivial expression, contradiction. So
∑
Vj =

⊕
Vj . The rest

follows by Lemma 1.15.

Theorem 4.7. Let V be a vector space over F of �nite dimension. Then α ∈ End(V )
is diagonalisable over F if and only if its minimal polynomial has distinct linear factors.

Proof. If

[α]B =

λ1 0
. . .

0 λk


with λ1, . . . , λk distinct, put p(t) =

∏k
j=1(λj − t). If v ∈ B then α(v) = λlv for some

l ≤ k. So (λlι− α)v = 0, so p(α)(v) = 0. But then p(α) is the 0 endomorphism since it

is zero on B.

We need to show that each v ∈ V is a sum of eigenvectors, the rest then follows from

Lemma 4.6. Write p(t) =
∏k
j=1(λj − t) with λ1, . . . , λk distinct. Put

pj(t) = (λ1 − t) · · · (λj−1 − t)(λj+1 − t) · · · (λk − t)

hj(t) =
pj(t)
pj(λj)
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then hj(λi) = δij for all 1 ≤ i, j ≤ k. Hence h(t) =
∑k

j=1 hj(t) = 1 as h(t) − 1 has

degree less than k and λ1, . . . , λk are k distinct roots. Let v ∈ V . Then

v = ι(v) = h(α)(v) =
k∑
j=1

hj(α)(v) =
k∑
j=1

vj

where vj = hj(α)(v). Note that (α − λjι)vj = 0 since p(α) = 0, so vj is an eigenvector

of α corresponding to λj . Hence every v ∈ V is a sum of eigenvectors, and the assertion

follows from Lemma 4.6. (The hj(α) are orthogonal projections, see Examples Sheet 2
Question 8. For another proof, see Examples Sheet 2 Question 13.)

Remark. Let A ∈Mn(F). Then P−1AP is diagonal for some P if and only if p(A) = 0
for some polynomial p ∈ F[t] with distinct linear factors. To �nd P , consider

P−1AP = D =

d1 0
. . .

0 dn


AP = PD

AP (j) = djP
(j)

so the jth column of P is an eigenvector of A corresponding to the eigenvalue dj .

Theorem 4.8 (Simultaneous diagonalisation). Let α1, α2 ∈ End(V ). If they are both

diagonalisable and if α1α2 = α2α1 then they are simultaneously diagonalisable, i.e. there

exists a basis B of V such that [α1]B, [α2]B are diagonal.

Proof. We have V = V1⊕· · ·⊕Vk, where each Vj is an eigenspace of α1, say, α1(vj) = λjvj
for vj ∈ Vj . Then α2(Vj) ⊂ Vj . If v ∈ Vj , α1(α2(v)) = α2(α1(v)) = α2(λjv) = λjα2(v)
so α2(v) ∈ Vj . Now α2|Vj

is diagonalisable by Lemma 4.6, so there exists a basis Bj of
Vj consisting of eigenvectors of α2, which are also eigenvectors of α1, of course. Putting

these bases together gives a basis B consisting of eigenvectors of both α1 and α2.

Remark. (i) The condition is necessary.

(ii) In fact, the statement is true for any number of commuting endomorphisms.

For a polynomial p(t) ∈ F[t],

p(t) = ant
n + · · ·+ a1t+ a0

where ai ∈ F for 0 ≤ i ≤ n. For p(t), q(t) ∈ F[t], addition and multiplication in F[t] are
de�ned as follows.

p(t) = ant
n + · · ·+ a1t+ a0

q(t) = bmt
m + · · ·+ b1t+ b0

Assuming m ≤ n,

(p+ q)(t) = ant
n + · · ·+ (am + bm)tm + · · ·+ (a1 + b1)t+ (a0 + b0)

(pq)(t) = anbmt
n+m + · · ·+ (a1b0 + a0b1)t+ a0b0



27

The degree deg p of a polynomial p is the greatest l with al 6= 0 (and it is −∞ if p is the
0 polynomial). Note that deg pq = deg p+ deg q.

There is a Euclidean algorithm in F[t]. Given a, b ∈ F[t] with b 6= 0, there exists

q, r ∈ F[t] such that a = bq + r with deg r < deg b or r = 0. For, if a = ant
n + · · ·+ a0,

b = bmt
m+ · · ·+ b0 with bm 6= 0, we may assume n ≥ m as otherwise we can take q = 0,

r = a. Replace a by a′ = a− an
bm
tn−mb, then deg a′ < deg a, so now we have a′ = bq′ + r

for some q′, r with deg r < deg b. Now take q = an
bm
tn−mq′ and keep repeating.

This has nice consequences, for example, F[t] has the unique factorisation property.

If p ∈ F[t] and λ ∈ F is a root, so p(λ) = 0, there exists q ∈ F[t] with p(t) = (λ− t)q(t).
λ is a root of p with multiplicity e if (λ− t)e divides p but (λ− t)e+1 does not.

A polynomial of degree n has at most n roots counted with multiplicities.

If polynomials p1, p2 of degree less than n have n points in common then they are equal.

Lemma 4.9. (i) If p, q ∈ F[t], α ∈ End(V ) then p(α)q(α) = q(α)p(α).

(ii) If α(v) = λv, p ∈ F[t] then p(α)(v) = p(λ)v.

Lemma 4.10. Let V be a �nite dimensional vector space over F with dimV = n and let

α ∈ End(V ). There exists a non-zero polynomial p of degree at most n2 with p(α) = 0.

Proof. We have dim End(V ) = n2, so there exist an2 , . . . , a1, a0 ∈ F not all zero so that

an2αn
2
+ an2−1α

n2−1 + · · ·+ a1α+ a0ι = 0

as any n2+1 endomorphisms are linearly dependent. Put p(t) = an2tn
2
+· · ·+a1t+a0.

De�nition. Let α ∈ End(V ). The minimal polynomialmα of α is the monic polynomial

of minimal degree such that mα(α) = 0.

Lemma 4.11. If α ∈ End(V ) and p ∈ F[t] with p(α) = 0, then mα divides p.

Proof. F[t] is a Euclidean domain so we can write p = mαq + r with q, r ∈ F[t] and
deg r < degmα or r = 0. But p(α) = 0 = mα(α) so r(α) = 0, so r = 0 by the

minimality of degmα.

Corollary 4.12. The minimal polynomial is unique.

Theorem 4.13 (Caley-Hamilton). Let V be a vector space of �nite dimension, let

α ∈ End(V ). Then χα(α) = 0.

Theorem 4.14. Let A ∈Mn(F). Then χA(A) = 0.

Proof. Let A ∈Mn(F). Then

(−1)nχA(t) = tn + an−1t
n−1 + · · ·+ a1t+ a0 = det(tI −A)

Now for any matrix B and its adjugate, B · adjB = (detB)I. Hence as adj(tI −A) is a
matrix of polynomials with matrix coe�cients of degree less than n,

(tI −A)(Bn−1t
n−1 + · · ·+B1t+B0) = (tI −A) adj(tI −A)

= (tn + an−1t
n−1 + · · ·+ a1t+ a0)I
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= Itn + an−1It
n−1 + · · ·+ a1It+ a0I

Comparing coe�cients,

I = Bn−1

an−1I = Bn−2 −ABn−1

...

a1I = B0 −AB1

a0I = −AB0

Pre-multiply the jth row by An+1−j and add all rows,

An + an−1A
n−1 + · · · a1A+ a0I = 0,

the zero matrix.

Proof (over C). Let α ∈ End(V ), let B = {v1, . . . , vn} be a basis of V with α(vj) ∈
〈v1, . . . , vj〉 = Uj . Hence

[α]B =

λ1 ∗
. . .

0 λn


χα(t) = (λ1 − t) · · · (λn − t)

Then (α− λjι)Uj ⊂ Uj−i. Hence

(α− λ1ι) · · · (α− λn−1ι)(α− λnι)V
⊂(α− λ1ι) · · · (α− λn−1ι)Un−1

⊂ · · ·
⊂(α− λ1ι)U1 = 0.

Corollary 4.15. mα divides χα.

Lemma 4.16. Let V be a vector space over C with dimV = n. We have

χα(t) =
k∏
j=1

(t− λj)aj

with λ1, . . . , λk all distinct eigenvalues of α. Here aj is the algebraic multiplicity of λj .

Then
∑k

j=1 aj = n.

Lemma 4.17. mα(t) =
∏k
j=1(t− λj)ej for some ej with 1 ≤ ej ≤ aj for 1 ≤ j ≤ k.

Proof. mα divides χα, so ej ≤ aj for 1 ≤ j ≤ k. If λ is an eigenvalue, α(v) = λv with

v 6= 0, then 0 = mα(α)v = mα(λ)v, and as v 6= 0 we have mα(λ) = 0, so (t− λ) divides
mα(t).

Theorem 4.18. Let V be a vector space over F of �nite dimension, let α ∈ End(V ).
Suppose α has distinct eigenvalues λ1, . . . , λk. Then α is diagonalisable if and only if

mα(t) =
∏k
j=1(t− λj).
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Proof. α is diagonalisable if and only if p(α) = 0 for some polynomial with distinct

linear factors if and only if mα is the product of distinct linear factors if and only if

mα(t) =
∏k
j=1(t− λj).

Lemma 4.19. Let V be a �nite dimensional vector space, a ∈ End(V ) and suppose

λ1, . . . , λk are the distinct eigenvalues of α. Then the λj-eigenspace is N(α−λjι). De�ne
the geometric multiplicity of λj to be gj = dimN(α− λjι). Then 1 ≤ gj ≤ aj . (Note α
is diagonalisable if and only if aj = gj for all 1 ≤ j ≤ k.

Proof. Since λj is an eigenvalue we have 1 ≤ gj . Let B be a basis containing v1, . . . , vgj

a basis of N(α− λjι). Then

[α]B =
(
λjIgj ∗

0 A′

)
so χα(t) = (λj − t)gjχA′(t), so gj ≤ aj .

Remark. If χA(t) = (−1)ntn + an−1t
n−1 + · · · + a0 then a0 = detA and an−1 =

(−1)n−1 trA.

Consider a �nite dimensional vector space V over C and linear maps in End(V ). We have

seen the diagonal form, but not all matrices are conjugate to such, and the triangular

form, but this is not quite sparse enough, i.e. it is not visible whether two matrices

in this form are conjugate. We now describe the Jordan Normal Form, which contains

eigenvalues along the diagonal, only the entries 0 or 1 just above the diagonal and entries
0 elsewhere.

De�ne a Jordan block J(s, λ) as follows.

J(s, λ) =


λ 1 0

. . .
. . .
. . . 1

0 λ


s×s

Then the characteristic polynomial of J(s, λ) is (λ − t)s, the minimal polynomial is

(λ− t)s and the dimension of the λ-eigenspace is 1.

Theorem 4.20. Suppose V is a vector space over C, let α ∈ End(V ). With resepect to

some basis B, the matrix A = [α]B is in JNF, it is of block diagonal form as follows.

A =

B1 0
. . .

0 Bk


There is one aj × aj block Bj for each eigenvalue λj where 1 ≤ j ≤ k. Now �x λ = λj .
The corresponding block Bj has block diagonal form

Bj =

C1 0
. . .

0 Cm


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where m = mj and each Cl = J(nl, λ) with

n1 ≥ n1 ≥ · · ·nm > 0
n1 + n2 + · · ·+ nm = 0

a partition of aj .

Remark. aj =
∑mj

i=1 ni, gj = mj , ej = n1.

Theorem 4.21. Every square matrix over C is conjugate to a matrix in JNF, and this

is unique up to rearranging the λ1, . . . , λk.

Proof. See Groups, Rings & Modules.

Firstly, we break up V into generalised eigenspaces Wj = N(α − λjι)aj . Then V =⊕k
j=1Wj and taking a basis B =

⋃k
j=1Bj , where Bj is a basis for Wj , we obtain

[α]B =

B1 0
. . .

0 Bk

 .

Setting pj(t) = (λj−t)−aj
∏k
r=1(λr−t)ar , there exist polynomials qj with

∑k
j=1 pjqj = 1

and then Wj = Im(hj(α)).

Secondly, note that α(Wj) ⊂ Wj , so we may restrict to Wj and α|Wj
∈ End(Wj).

Writing λ = λj , V = Wj and n = aj , we have (α − λι)n = 0, so α − λι is a nilpotent

endomorphism. Now break V into cyclic blocks to obtain
λ 0

1
. . .
. . .

. . .

0 1 λ

 .

The �nal vector of the basis is a λ-eigenvector. In fact, if v1, . . . , vm is the corresponding

part of the basis, then under α−λι, v1 7→ v2 7→ . . . 7→ vm 7→ 0. (To obtain the transpose
form of the Jordan block, take these vectors in the order order.)

Example. We list all possible Jordan Normal Forms in the case of n = 3 along with

their respective characteristic and minimal polynomials.λ1

λ2

λ3

 λ1

λ2 1
λ2

 λ1

λ2

λ2


char. (λ1 − t)(λ2 − t)(λ3 − t) (λ1 − t)(λ2 − t)2 (λ1 − t)(λ2 − t)2

min. (λ1 − t)(λ2 − t)(λ3 − t) (λ1 − t)(λ2 − t)2 (λ1 − t)(λ2 − t)λ λ
λ

 λ 1
λ

λ

 λ 1
λ 1

λ


char. (λ− t)3 (λ− t)3 (λ− t)3

min. λ− t (λ− t)2 (λ− t)3
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Example. In the case of n = 4, consider matrices with characteristic polynomial (λ−t)4.
The partitions of 4 are 4 = 3+1 = 2+2 = 2+1+1 = 1+1+1+1. Hence the following
matrices are possible.

λ 1
λ 1

λ 1
λ



λ 1

λ 1
λ

λ



λ 1

λ
λ 1

λ


min. (λ− t)4 (λ− t)3 (λ− t)2

λ 1
λ

λ
λ



λ

λ
λ

λ


min. (λ− t)2 λ− t

In fact, n((α− λι)r) for various r will distinguish.

Example. Consider

A =


2 0 0 0
3 2 0 −2
0 0 2 0
0 0 2 2


then χA(t) = (2− t)4 and

A− 2I =


0 0 0 0
3 0 0 −2
0 0 0 0
0 0 2 0

 (A− 2I)2 =


0 0 0 0
0 0 −4 0
0 0 0 0
0 0 0 0


The minimal polynomial of A is mA(t) = (2− t)3 and n(A− 2I) = 2. Hence the Jordan
Normal Form of A is

JNF =


2 1 0 0
0 2 1 0
0 0 2 0
0 0 0 2

 .

To �nd a Jordan basis, take v3 6∈ ker(A− 2I)2, e.g. v3 = (0, 0, 1, 0)T . Under A− 2I,

v3 =


0
0
1
0

 7→ v2 =


0
0
0
2

 7→ v1 =


0
−4
0
0

 7→ 0.

Take v4 to be another eigenvector, e.g. v4 = (2, 0, 0, 3)T .
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Dual spaces

De�nition. Let V be a �nite dimensional vector space over F. Then V ∗ = L(V,F) is
the dual of V . The vectors of V ∗ are the linear functionals on V .

Lemma 5.1. Let V be a vector space over F, let B = {e1, . . . , en} be a basis of V .
Then B∗ = {ε1, . . . , εn} is the basis of V ∗ dual to B, where εj(ek) = δjk.

Proof. If
∑n

j=1 λjεj = 0 then for all k = 1, . . . , n we have λk = (
∑n

j=1 λjεj)(ek) = 0, so
B∗ is independent. If ε ∈ V ∗ then ε =

∑n
j=1 ε(ej)εj , so B

∗ spans V ∗.

Remark. If ε =
∑n

j=1 ajεj , v =
∑n

j=1 xjej , then

ε(v) =
n∑
j=1

ajxj =
(
a1 . . . an

)x1
...

xn

 .

So we can think of the dual of Fn as the space pf n-rows.

De�nition. If U ≤ V let U◦ = {ε ∈ V ∗ : ε(u) = 0 ∀u ∈ U}. U◦ is the annihilator of U
in V ∗.

Lemma 5.2. (i) If U ≤ V then U◦ ≤ V ∗.

(ii) If U ≤ V then dimU + dimU◦ = dimV .

Proof. (i) This is clear.

(ii) Let U ≤ V , let e1, . . . , ek be a basis for U , let B = {e1, . . . , ek, . . . , en} be a basis

for V . We claim U◦ = 〈εk+1, . . . , εn〉, where ε1, . . . , εn is the basis of V ∗ dual to B.
If i > k then εi(ej) = 0 for j ≤ k, so εi ∈ U◦. If ε ∈ U◦ then ε =

∑n
j=1 λjεj and

then for j ≤ k we have λj = ε(ej) = 0, so ε ∈ 〈εk+1, . . . , εn〉.

Lemma 5.3. Let U, V be vector spaces over F, let U α−→ V be a linear map. Then the

map V ∗ α∗−→ U∗ given by α∗(ε) = ε ◦ α for ε ∈ V ∗ is linear, it is the dual of α.

Proof. Certainly ε ◦ α : U → F is linear, so α∗ ∈ U∗. If θ1, θ2 ∈ V ∗ then

α∗(θ1 + θ2) = (θ1 + θ2) ◦ α
= θ1 ◦ α+ θ2 ◦ α



34 Dual spaces

= α∗(θ1) + α∗(θ2)

anf if λ ∈ F, θ ∈ V ∗ then

α∗(λθ) = (λθ) ◦ α = λ(θ ◦ α) = λα∗(θ).

Proposition 5.4. Let U, V be vector spaces over F of �nite dimension. Let B,C be

their bases, let B∗, C∗ be bases of U∗, V ∗ dual to B,C. Let α ∈ L(U, V ) and let

α∗ ∈ L(U∗, V ∗) be its dual. Then [α∗]C∗,B∗ = [α]TB,C .

Proof. Let B = {b1, . . . , bn}, C = {c1, . . . , cm} and B∗ = {β1, . . . , βn}, C∗ =
{γ1, . . . , γm}. Let A = [α]B,C so that α(bj) =

∑n
i=1 aijci. Then

α∗(γr)(bs) = γr(α(bs))

= γr

(
n∑
i=1

aisci

)

=
n∑
i=1

aisγr(ci)

=
n∑
i=1

aisδri

= ars

=

(
n∑
i=1

ariβi

)
(bs)

for all s = 1, . . . , n, so α∗(γr) =
∑n

i=1 ariβi and hence [α∗]C∗,B∗ = AT .

Corollary 5.5. We have detα∗ = detα, χα∗ = χα, mα∗ = mα since detAT = detA
and p(AT ) = p(A)T for any polynomial p.

Lemma 5.6. Let U, V be vector spaces over F of �nite dimension. Let α ∈ L(U, V ),
let α∗ ∈ L(V ∗, U∗) its dual. Then kerα∗ = (Imα)◦. In particular, α∗ is injective if and
only if α is surjective.

Proof. Let ε ∈ V ∗. Then ε ∈ kerα∗ i� α∗(ε) is the zero functional on U i� ε ◦ α is the

zero functional on U i� ε ∈ Im(α)◦. In particular, α∗ is injective i� kerα∗ = {0} i�

(Imα)◦ = {0} i� Imα = V i� α is surjective.

Corollary 5.7. If α ∈ L(U, V ), then rankα = rankα∗. If A ∈Mm,n(F), then rankA =
rankAT .

Proof.

rankα∗ = dimV ∗ − n(α∗)
= dimV − dim(Imα)◦

= dimV − (dimV − dim Imα

= rankα

Note this gives an algebraic proof of the equality between the column rank and the row

rank of a matrix.



35

Lemma 5.8. We also have Imα∗ = (kerα)◦.

Remark. The map V ∗ × V → F, (ε, v) 7→ ε(v) is bilinear. Denote this by 〈ε|v〉. If

U
α−→ V , V ∗ α∗−→ U∗ then

〈α∗(ε)|u〉 = 〈ε|α(u)〉

for all u ∈ U , ε ∈ V ∗. We have a map ˆ : V → V ∗∗, v 7→ v̂, v̂(ε) = ε(v).

Theorem 5.9. If V is �nite dimensional over F, the map ˆ : V → V ∗∗, v 7→ v̂ with

v̂(ε) = ε(v) is an isomorphism.

Proof. Since v̂ : V ∗ → F is linear, ˆ is linear.

̂(λ1v1 + λ2v2)(ε) = ε(λ1v1 + λ2v2) = λ1ε(v1) + λ2ε(v2)
= λ1v̂1(ε) + λ2v̂2(ε)
= (λ1v̂1 + λ2v̂2)(ε)

for all ε ∈ V ∗. ˆ is injective (and hence surjective since V is �nite dimensional and

dimV = dimV ∗∗). If e1 6= 0, e1 ∈ V , let e1, . . . , en be a basis for V , let ε1, . . . , εn be the
basis of V ∗ dual to this. Then ê1(ε1) = ε1(e1) = 1, so ê1 6= 0.

Remark. This is a natural isomorphism, it is independent of the bases.

Remark. If ε1, . . . , εn is a basis of V ∗, and E1, . . . , En is the basis of V ∗∗ dual to this,
then Ej = êj for a unique ej ∈ V and ε1, . . . , εn is the basis of V ∗ dual to the basis

e1, . . . , en of V .

Lemma 5.10. Let V be �nite dimensional, let U ≤ V . If we identify V and V ∗∗, then
U = U◦◦. (More precisely, Û = U◦◦.)

Proof. We �rst show U ≤ U◦◦. If u ∈ U then ε(u) = 0 for all ε ∈ U◦, and hence û(ε) = 0
for all ε ∈ U◦, whence û ∈ U◦◦. As also dimU = dimU◦◦, it follows that U = U◦◦.

Lemma 5.11. If U1, U2 ≤ V where dimV is �nite then

(i) (U1 + U2)◦ = U◦
1 ∩ U◦

2 ;

(ii) (U1 ∩ U2)◦ = U◦
1 + U◦

2 .

Remark. The situation is di�erent when V is not of �nite dimension. Consider V =
P (R), the space of real polynomials. Then V ∗ = RN, the space of real sequences,

which is not isomorphism to P (R) = 〈p0, p1, . . .〉. Any element ε ∈ V ∗ can be given as

(ε(p0), ε(p1), . . . ).





Chapter 6

Bilinear forms

De�nition. Let U, V be vector spaces over F. The function ψ : U × V → F is bilinear

if it is linear in each coordinate. For �xed u ∈ U , ψ(u, v) is linear in v, and for �xed

v ∈ V , ψ(u, v) is linear in u. (Here we are mainly concerned with the case U = V and

bilinear forms on V .)

Example. (i) F = R, V = Rn, ψ(x, y) =
∑n

i=1 xiyi = xT y.

(ii) V = Fn, A ∈Mn(F), ψ(u, v) = uTAv.

De�nition. Let V be a vector space over F with dimV = n. Let B = {v1, . . . , vn}
be a basis of V . The matrix of the bilinear form ψ on V with respect to B is A =
(ψ(vi, vj)) = [ψ]B.

Lemma 6.1. If ψ is a bilinear form on V and B is a basis for V , then ψ(u, v) =
[u]TB[ψ]B[v]B for all u, v ∈ V .

Proof. Let B = {v1, . . . , vn}. If u =
∑n

i=1 aivi, v =
∑n

i=1 bivi, then

ψ(u, v) = ψ(
∑

aivi,
∑

bjvj)

=
∑
i,j

aibjψ(vi, vj)

=
(
a1 · · · an

)
[ψ]B

b1...
bn


= [u]TB[ψ]B[v]B.

Moreover, [ψ]B is the only matrix for which this holds for all u, v ∈ V . If ψ(u, v) =
[u]TBA[v]B for all u, v ∈ V , apply this for u = vi, v = vj to obtain Aij = ψ(vi, vj).

Let B = {v1, . . . , vn}, B′ = {v′1, . . . , v′n} be bases for V and let P be the change of basis

matrix from B to B′. Then

v′j =
n∑
i=1

pijvi [v]B = P [v]B′

Theorem 6.2. [ψ]B′ = P T [ψ]BP .
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Proof. For all u, v ∈ V ,

ψ(u, v) = [u]TB[ψ]B[v]B
= (P [u]B′)T [ψ]B(P [v]B′)

= [u]TB′P
T [ψ]BP [v]B′ ,

so [ψ]B′ = P T [ψ]BP by uniqueness of [ψ]B′ .

De�nition. The real square matrices A,B are congruent if B = P TAP for some in-

vertible matrix P (i.e. if they represent the same bilinear form with respect to di�erent

bases).

Lemma 6.3. Congruence is an equivalence relation on Mn(R).

De�nition. The rank of a bilinear form is the rank of any matrix representing it. (This

is independent of the choice of basis.)

De�nition. The real bilinear form ψ is symmetric if ψ(u, v) = ψ(v, u) for all u, v ∈ V .
This is equivalent to A = [ψ]B being symmetric, i.e. A = AT .

Remark. If P TAP = D for some non-singular P then A = AT .

De�nition. Let V be a real vector space. The function Q : V → R is a quadratic form

on V if Q(λv) = λ2Q(v) for all λ ∈ R, v ∈ V , and there exist a symmetric bilinear form

ψ on V so that Q(v) +Q(w) + 2ψ(v, w) = Q(v + w) for all v, w ∈ V .

We can start with a symmetric bilinear form ψ and de�ne Q(v) = ψ(v, v). Conversely,
we can start with a quadratic form Q and let ψ(v, w) = 1

2(Q(v + w)−Q(v)−Q(w)).

Theorem 6.4. Any real symmetric bilinear form can be represented by a diagonal

matrix of the form Ip 0
−Iq

0 0

 .

Any real symmetric matrix is congruent to a diagonal matrix of this form.

Proof. First we prove by induction on dimV = n that any symmetric bilinear form can

be represented by a diagonal matrix. If ψ(u, v) = 0 for all u, v ∈ V then [ψ]B = 0 for

any basis B. Suppose this is not the case. Then there exists e ∈ V with ψ(e, e) 6= 0.
(Otherwise 2ψ(u, v) = ψ(u + v, u + v) − ψ(u, u) − ψ(v, v) is 0 for all u, v ∈ V .) Let

W = {v ∈ V : ψ(e, v) = 0}. Then V = 〈e〉 ⊕W . (If v ∈ V then v = λe + (v − λe) for
all λ ∈ R. Choose λ so that v − λe ∈ W , by taking λ = ψ(e,v)

ψ(e,e) . Observe 〈e〉 ∩W = {0}
since ψ(e, λe) 6= 0 for λ 6= 0.) Now the restriction ψ′ of ψ to W is a symmetric bilinear

form, so by induction, there exists a basis e2, . . . , en of W with respect to which ψ′ is
diagonal, say the matrix representing ψ′ isd2 0

. . .

0 dn

 .
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Let B0 = {e1, e2, . . . , en} where e1 = e. Then [ψ]B0 is
d1 0 0
0 d2

. . .

0 dn

 ,

where d1 = ψ(e, e). This completes the diagonalisation part of the proof.

Now reorder B0 if necessary so that d1, . . . , dp > 0, dp+1, . . . , dp+q < 0 and di = 0 for all

i > p+ q. Now for 1 ≤ i ≤ p+ q replace ei by
1√
|di|
ei to obtain B. Then

[ψ]B =

Ip 0
−Iq

0 0

 .

Remark. Note that rankψ = p+ q.

De�nition. The signature of ψ is s(ψ) = p− q.

Remark. We have p = 1
2(r + s), q = 1

2(r − s). Note that some authors call (p, q) the
signature.

Theorem 6.5 (Sylvester's law of inertia). If the real symmetric bilinear form ψ is

represented by Ip 0
−Iq

0 0

 Ip′ 0
−Iq′

0 0


with respect to di�erent bases then p = p′, q = q′ and so the rank and signature are

well-de�ned.

Proof. Let B = {v1, . . . , vp, vp+1, . . . , vp+q, vp+q+1, . . . , vn} with

[ψ]B =

Ip 0
−Iq

0 0

 .

Let X = 〈v1, . . . , vp〉, Y = 〈vp+1, . . . , vn〉. We show that ψ is positive de�nite on X and

that p is the largest dimension of any subspace of V on which ψ is positive de�nite.

Q(
∑p

i=1 λivi) =
∑p

i=1 λ
2
i ≥ 0 with equality if and only if

∑p
i=1 λivi = 0, so ψ is positive

de�nite on X. If X ′ ≤ V with dimX ′ = p′ and ψ is positive de�nite on X ′ then
X ′ ∩ Y = {0} as ψ is negative semide�nite on Y . Hence dimX ′ + dimY ≤ n. So

p′ = dimX ′ ≤ n− dimY = p.

Similarly, if N = 〈vp+1, . . . , vp+q〉 then ψ is negative de�nite on N and q is the largest
dimension of a subspace of V on which ψ is negative de�nite.

Hence p and q are independent of the choice of basis.

Remark. p is determined by ψ, but there may be many subspaces like X of dimension

p, on which ψ is positive de�nite. (Similarly for q and N .)
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Remark. Let t = min{p, q}. Then the restriction of ψ to the subspace 〈v1 +
vp+1, . . . , vt + vp+t, vp+q+1, . . . , vn〉 is 0, and n − max{p, q} is the maximal dimension

of any subspace on which ψ is 0. For is ψ = 0 on U ≤ V then U ∩X = {0} = U ∩N ,

so dimU ≤ n− p and dimU ≤ n− q.

De�nition. The kernel of ψ is {v ∈ V : ψ(v, w) = 0 ∀w ∈ V }. In the above, kerψ =
〈vp+q+1, . . . , vn〉.

De�nition. The real symmetric bilinear form ψ is non-singular if kerψ = {0}. Equiv-
alently, [ψ]B with respect to any basis B is non-singular. Also equivalently, n = p+ q.

Example. Consider the quadratic form Q on V = R3 where

Q(x1, x2, x3) = x2
1 + x2

2 + 2x2
3 + 2x1x2 + 2x1x3 − 2x2x3.

The matrix of Q with respect to the standard basis is

A =

1 1 1
1 1 −1
1 −1 2

 .

(i) (Completing squares.)

Q(x1, x2, x3) = x2
1 + x2

2 + 2x2
3 + 2x1x2 + 2x1x3 − 2x2x3

= (x1 + x2 + x3)2 + x2
3 − 4x2x3

= (x1 + x2 + x3)2 + (x3 − 2x2)2 − (2x2)2

Hence rank(Q) = 3, s(Q) = 2− 1 = 1. Also

P−1 =

1 1 1
0 −2 1
0 2 0

 P TAP =

1 0 0
0 1 0
0 0 −1


(ii) (Elementary matrices.) We want P invertible such that P TAP is diagonal. Apply

elementary column operations followed immediately by the corresponding elemen-

tary row operation. Then

A→ ET1 AE1 → . . .→ ETk · · ·ET1 AE1 · · ·Ek = D

where P = E1 · · ·Ek.

(iii) (From the proof of Theorem 6.4.) Choose e1 with Q(e1) 6= 0, e.g. e1 = (1, 0, 0)T ,
Q(e1) = 1. Set W = {v ∈ V : ψ(e, v) = 0} = {(a, b, c)T : a + b + c = 0}. Note

eT1A = (1, 1, 1). Choose e2 ∈ W with Q(e2) 6= 0, e.g. e2 = (1, 0,−1), Q(e2) = 1.
Now choose e3 ∈ W so that ψ(e2, e3) = 0 so e3 = (a, b, c)T with a + b + c = 0,
2b− c = 0 and eT2A = (0, 2,−1), so e3 = 1

2(−3, 1, 2)T , Q(e3) = −1.

(iv) (See Chapter 7.) We shall see that s(Q) is the di�erence of the number of positive
eigenvalues and the number of negative eigenvalues.
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Now consider bilinear symmetric forms over C. As before in Theorem 6.4, there exists

a basis e1, . . . , en such that the matrix representing ψ with respect to this basis isd1 0
. . .

0 dn

 .

Reorder this basis so that d1, . . . , dr 6= 0 and di = 0 for all i > r. To normalise, replace
ej by

1√
dj
ej for 1 ≤ j ≤ r. Then the matrix representing ψ is(

Ir 0
0 0

)
.

Lemma 6.6. Any symmetric complex matrix satis�es P TAP =
(
Ir 0
0 0

)
for some invert-

ible matrix P . We have rankA = r.

De�nition. Let V be a complex vector space. A complex Hermitian form on V is a

function ψ : V × V → C such that

(i) for u ∈ V , the function v 7→ ψ(u, v) is linear;

(ii) for all u, v ∈ V , ψ(u, v) = ¯ψ(v, u).

Remark. Note that ψ is not bilinear, it is sesquilinear, i.e.

ψ(u, λ1v1 + λ2v2) = λ1ψ(u, v1) + λ2ψ(u, v2)
ψ(λ1u1 + λ2u2, v) = λ̄1ψ(u1, v) + λ̄2ψ(u2, v)

and complex-symmetric, i.e. ψ(u, v) = ¯ψ(v, u).

Example. Inner products of complex inner product spaces are complex Hermitian

forms, see Chapter 7.

Remark. Given a complex Hermitian form ψ on V , we can de�ne a complex quadratic

form Q : V → C, Q(v) = ψ(v, v). Note that Q(v) ∈ R for all v ∈ V . Here we have

Q(λv) = |v|2Q(v). we can recover ψ as follows.

ψ(u, v) = 1
4(Q(u+ v)−Q(u− v)− iQ(u+ iv) + iQ(u− iv))

If B = {v1, . . . , vn} is a basis of V , the matrix of ψ with respect to B is [ψ]B =
(ψ(vi, vj)) = A. Then ψ(u, v) = [ψ]

T

B[ψ]B[v]B. Note that A = ĀT , the matrix is

Hermitian. Finally, a change of basis results in the matrix P̄ TAP with a non-singular

matrix P , the change of basis matrix.

Theorem 6.7. If ψ is a Hermitian form on a complex vector space V , there is a basis

B of V with respect to which ψ has diagonal matrixIp 0
−Iq

0 0


Moreover, p and q are uniquely determinend by ψ, independent of B. So if the basis is
v1, . . . , vn then

Q(
n∑
i=1

ξivi) = |ξ1|2 + · · ·+ |ξp|2 − |ξp+1|2 − · · · − |ξp+q|2.
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Proof. We can prove this as before for Theorem 6.4 and Theorem 6.5.

De�nition. ψ is positive de�nite (on V ) if p = n.

Remark. The bilinear forms we have considered were mainly symmetric. The next

important class are skew-symmetric bilinear forms satisfying ψ(u, v) = −ψ(v, u) for all
u, v ∈ V and hence ψ(u, u) = 0 for all u ∈ V . If A = [ψ]B for some basis B of V then

AT = −A, and A is called skew-symmetric.

Remark. Any real matrix A can be expressed as the sum of a symmetric and skew-

symmetric matrix,

A =
1
2
(A+AT ) +

1
2
(A−AT )

Theorem 6.8. If ψ is a skew-symmetric bilinear form on a real vector space V , there
exists a basis v1, w1, . . . , vm, wm, v2m+1, . . . , vn with respect to which ψ has the block

diagonal matrix 

0 1 0
−1 0

. . .

0 1
−1 0

0
. . .

0 0


.

Any skew-symmetric matrix is congruent to a matrix of this form.

Proof (Sketch). Prove this by induction on dimV = n. If ψ = 0 the result is clear.

Otherwise take v1, w1 so that ψ(v1, w1) = 1, so also ψ(w1, v1) = −1. Let U = 〈v1, w1〉,
W = {v ∈ V : ψ(v1, v) = 0 = ψ(w1, v)}. Then V = U ⊕W . If v = (av1 + bw1) +
(v − av1 − bw1) take a = ψ(v, w1), b = (ψ(v1, v) to obtain v − av1 − bw1 ∈ W . Also

U ∩W = {0} since if av1 + bw1 ∈W then ψ(av1 + bw1, av1− bw1) = a2 + b2. Now �nish

by working in W .

Remark. (i) If ψ is non-singular skew-symmetric, then n = 2m.

(ii) Reordering the basis B as v1, . . . , vm, w1, . . . , wm, v2m+1, . . . , vn, we obtain 0 Im 0
−Im 0 0

0 0 0

 .

Remark (*). Here are some remarks on general bilinear forms on U × V , where U, V
are vector spaces over the same �eld F. We assume ψ : U × V → F is linear in each

coordinate. Examples include

(i) U = V ∗, ψ : V ∗ × V → F, (α, v) 7→ α(v);

(ii) F = C, de�ne V̄ to be the space with elements as V , addition as in V and mul-

tiplication · by λ · v = λ̄v. (Then sesquilinear forms are just bilinear forms on

V̄ × V .)
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Suppose ψ : U × V → F is bilinear. De�ne

ψL : U → V ∗, u 7→ (ψL(u) : v 7→ ψ(u, v))
ψR : V → U∗, v 7→ (ψR(v) : u 7→ ψ(u, v))

ψ is said to be non-singular if kerψL = {0}, kerψR = {0}. Note that

(i) if ψ is non-singular then dimU = dimV for dimU ≤ V ∗ = dimV , dimV ≤
dimU∗ = dimU ;

(ii) if dimU = dimV , then kerψL = {0} if and only if kerψR = {0}.

If ψ is a bilinear non-singular form on U × V , let u1, . . . , un be a basis of U . Then

ψL(u1), . . . , ψL(un) is a basis of V ∗. Let v1, . . . , vn be the basis of V dual to this. Then

ψ(ui, vj) = δij .

Lemma 6.9 (*). Let ψ be a non-singular bilinear form on V . For W ≤ V , let W⊥ =
{v ∈ V : ψ(w, v) = 0 ∀w ∈W}. Then W⊥ ≤ V and dimW + dimW⊥ = dimV .

Proof (Sketch). Let u1, . . . , un be a basis of V containing a basis u1, . . . , um of W . Let

v1, . . . , vn be the basis paired to it as above. Then W⊥ = 〈vm+1, . . . , vn〉.
Or more algebraically, consider

ψL : V → V ∗, u 7→ (ψL(u) : V → F, v 7→ ψ(u, v)).

This is an isomorphism as ψ is non-singular. Now W⊥ = (ψL(W ))◦ as

v ∈W⊥ ⇐⇒ ψ(w, v) = 0 ∀w ∈W
⇐⇒ ψL(w)(v) = 0 ∀w ∈W
⇐⇒ v ∈ (ψL(W ))◦.

Hence

dimW + dimW⊥ = dimW + dim(ψL(W ))◦

= dimW + dimV − dimψL(W )
= dimV.
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Inner product spaces

De�nition. Let V be a real (resp. complex) space. An inner product on V is a positive

de�nite symmetric bilinear (resp. Hermitian) form on V . Write 〈v, w〉 for the value of
the form on (v, w) ∈ V × V . A vector space V equipped with an inner product is a

real (resp. complex) inner product space, also called a Euclidean (resp. unitary) space.

So 〈, 〉 is a real symmetric bilinear (resp. Hermitian) form such that 〈v, v〉 > 0 for all

v ∈ V \ {0}.

De�nition. The length of v is de�ned to be ‖v‖ =
√
〈v, v〉. We have |v| > 0 for v 6= 0.

Lemma 7.1 (Schwartz's inequality). For all v, w ∈ V , |〈v, w〉| ≤ ‖v‖‖w‖.

Proof. If v = 0 then the result is clear. So suppose v 6= 0 and consider the real and the

complex case separately.

• (Real case) For all t ∈ R, we have

0 ≤ ‖tv − w‖2 = t2‖v‖2 − 2t〈v, w〉+ ‖w‖2.

Set t = 〈v,w〉
‖v‖2 to obtain the result.

• (Complex case) For all t ∈ C, we have

0 ≤ ‖tv − w‖2 = tt̄‖v‖2 − t̄〈v, w〉 − t〈v, w〉+ ‖w‖2.

Set t = 〈v,w〉
‖v‖2 , so t̄ = 〈v,w〉

‖v‖2 to obtain the result.

Lemma 7.2. In the Euclidean case, if v, w 6= 0, the angle θ between them is given by

cos θ = 〈v,w〉
‖v‖‖w‖ taking θ ∈ [0, 2π).

Lemma 7.3 (Triangle inequality). For all v, w ∈ V , ‖v + w‖ ≤ ‖v‖+ ‖w‖.

Proof.

‖v + w‖2 = ‖v‖2 + 〈v, w〉+ 〈v, w〉+ ‖w‖2

≤ ‖v‖2 + 2‖v‖‖w‖+ ‖w‖2

= (‖v‖+ ‖w‖)2

Remark. De�ning d(v, w) = ‖v − w‖, we obtain a metric on V .



46 Inner product spaces

Example. (i) Dot products on Rn, Cn;

(ii) V = C[0, 1], real or complex valued, 〈(, f〉, g) =
∫ 1
0 f(t)g(t) dt.

De�nition. A set {e1, . . . , ek} is orthogonal if 〈ei, ej〉 = 0 whenever i 6= j. It is ortho-
normal if also ‖ej‖ = 1 for all j. It is an orthonormal basis if it is also a basis.

Lemma 7.4. Orthonormal sets are linearly independent. In fact, if v =
∑k

j=1 λjej then
λj = 〈ej , v〉.

Theorem 7.5 (Gram�Schmidt). Let v1, . . . , vn be a basis for an inner product space V .
THere exists an orthonormal basis e1, . . . , en of V such that 〈v1, . . . , vk〉 = 〈e1, . . . , ek〉
for all 1 ≤ k ≤ n.

Proof. Let e1 = 1
‖v1‖v1. Suppose we have found e1, . . . , ek. Now take e′k+1 = vk+1 −∑k

j=1 λjej , with λj chosen such that 〈ej , e′k+1〉 = 0 for 1 ≤ j ≤ k. So λj = 〈ej , vk+1〉.
Then e′k+1 6= 0, as v1, . . . , vk, vk+1 are linearly independent. Let ek+1 = 1

‖e′k+1‖
e′k+1.

Then 〈ej , ek+1〉 = 0 for 1 ≤ j ≤ k, and ‖ek+1‖ = 1, and 〈e1, . . . , ek+1〉 = 〈v1, . . . , vk+1〉.

Remark. In calculations, it may be best to normalise only at the end. But then we

have to adjust and take λj = 〈ej ,vk+1〉
〈ej ,ej〉 .

Corollary 7.6. In a �nite dimensional inner product space, any orthonormal set of

vectors can be extended to an orthonormal basis.

Proof. If e1, . . . , ek is an orthonormal set, it is linearly independent, so extend it

to a basis e1, . . . , ek, vk+1, . . . , vn of V . Apply the Gram�Schmidt process to obtain

e1, . . . , ek, ek+1, . . . , en an orthonormal basis of V .

Corollary 7.7. (i) Any real non-singular matrix A can be written as A = RT with

R orthogonal and T upper-triangular.

(ii) Any complex non-singular matrix A can be written as A = UT with U unitary

and T upper-triangular.

Proof. (i) Work in Rn with the dot product. Let v1, . . . , vn be the columns

A(1), . . . , A(n) of A. Let e1, . . . , en be the orthonormal basis obtained from this

y the Gram�Schmidt process. Let R be the matrix with columns R(j) = ej . Then
RTR = I. Let vk =

∑n
j=1 tjkej . Since vk ∈ 〈e1, . . . , ek〉, we see that the matrix

T = (tij) is upper-triangular. We have A = RT as A(k) =
∑n

j=1 tjkR
(j).

(ii) For a complex non-singular matrix A, work over Cn with the dot product. Replace

R by U with ŪTU = I so U is unitary.

De�nition. Let V be an inner product space. If W ≤ V , write W⊥ = {v ∈ V : v ⊥
w ∀w ∈W}. This is the orthogonal complement for W in V .

Theorem 7.8. If V is a �nite dimensional inner product space and W ≤ V then

V = W ⊕W⊥.
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Proof. Let e1, . . . , ek be an orthonormal basis ofW , extend this to e1, . . . , ek, ek+1, . . . , en
an orthonormal basis of V . (Then ek+1, . . . , en is an orthonormal basis for W⊥.) Let

v ∈ V . Write v =
∑k

j=1 λjej +
∑n

j=k+1 λjej , so V = W + W⊥. And W ∩W⊥ = {0}
since if 〈v, v〉 = 0 then v = 0 as the inner product is positive de�nite.

De�nition. Let V be an inner product space, let W ≤ V . Then the endomorphism

π = πW of V is an orthogonal projection onto W if π2 = π, W = Imπ and W⊥ = kerπ.

As above, let e1, . . . , ek be an orthonormal basis of W , extend this to

e1, . . . , ek, ek+1, . . . , en an orthonormal basis of V . If v =
∑n

j=1 λjej then πw(v) =∑k
j=1 λjej , that is, πw(v) =

∑k
j=1〈ej , v〉ej .

Remark. Note that ιV = πW + πW⊥ , πWπW⊥ = 0.

Lemma 7.9. If W ≤ V as above and v ∈ V then πW (v) is the vector in W nearest to v,
that is letting w0 = πW (v) we have d(w0, v) ≤ d(w, v) for all w ∈W .

Proposition 7.10. Let V be an inner product space of �nite dimension, let α ∈ End(V ).
There exists a unique endomorphism α∗ of V , the adjoint of α, such that

α∗ : V → V 〈αv,w〉 = 〈v, α∗w〉

for all v, w ∈ V . Moreoever, if B is an orthonormal basis of V , then [α∗]B = [α]
T

B.

Proof. Let B = {e1, . . . , en} be an orthonormal basis of V . Let A = [α]B = (aij). Let
α∗ be the endomorphism such that [α∗]B = ĀT . Then, writing C = ĀT , for 1 ≤ i, j ≤ n,
we have

〈αei, ej〉 = 〈
n∑
k=1

akiek, ej〉

=
n∑
k=1

āki〈ek, ej〉

= āji

= cij

=
n∑
k=1

ckj〈ei, ek〉

= 〈ei,
n∑
k=1

ckjek〉

= 〈ei, α∗ej〉

Thus 〈αv,w〉 = 〈v, α∗w〉 for all v, w ∈ V since this is true on a basis. α∗ is unique as

[α∗]B = ĀT is forced.

Lemma 7.11. For adjoint endomorphisms, we have (α+ β)∗ = α∗ + β∗, (λα)∗ = λ̄α∗,
α∗∗ = α, ι∗ = ι, (αβ)∗ = β∗α∗.

Proof. All of these follow from matrices, or directly, e.g. we have 〈α∗v, w〉 = 〈v, α∗∗w〉
but also

〈α∗v, w〉 = 〈w,α∗v〉
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= 〈αw, v〉
= 〈v, αw〉

so 〈v, αw − α∗∗w〉 = 0 for all v ∈ V so αw = α∗∗w for all w ∈ V , so α∗∗ = α.

De�nition. Let A be a real (resp. complex) n× n matrix.

• A is symmetric (resp. Hermitian) if AT = A (resp. ĀT = A), A is self-adjoint.

• A is orthogonal (resp. unitary) if AT = A−1 (resp. ĀT = A−1), A is inverse-adjoint.

Let V be an inner product space over R (resp. C), let α ∈ End(V ).

• α is symmetric (resp. Hermitian) if α = α∗, equivalently 〈αv,w〉 = 〈v, αw〉 for all
v, w ∈ V .

• α is orthogonal (resp. unitary) if α∗ = α−1, equivalently 〈αv, αw〉 = 〈v, w〉, so α
is an isometry of V .

• α is normal if αα∗ = α∗α.

Lemma 7.12. If V is an inner product space and α ∈ End(V ), and if B is an ortho-

normal basis of V , then α is Hermitian (unitary, symmetric, or orthogonal) if and only

if [α]B is.

Theorem 7.13 (Spectral theorem). Let V be a complex inner product space, let α ∈
End(V ) and assume that α is Hermitian (unitary). There exists an orthonormal basis

of V consisting of eigenvectors of α. Moreover, each eigenvalue is real (lies on the unit

circle).

Proof. Since V is a vector space over C, there exists an eigenvalue λ ∈ C. Let e ∈ V
with α(e) = λe and ‖e‖ = 1. Let W = 〈e〉⊥. Then W is α-invariant. If w ∈W then

〈α(w), e〉 = 〈w,α∗(e)〉 = 〈w,α(e)〉 = 〈w, λe〉 = λ〈w, e〉 = 0

and so α(w) ∈W . (If w ∈W then

〈α(w), e〉 = 〈w,α∗(e)〉 = 〈w,α−1(e)〉 = 〈w, λ−1e〉 = λ−1〈w, e〉 = 0

and so α(w) ∈ W .) Now V = 〈e〉 ⊕W by Theorem 7.8. Note that α|W is Hermitian

(unitary) and continue inW . There exists an orthonormal basis e2, . . . , en ofW consist-

ing of eigenvectors of α. Then B = {e1, e2, . . . , en} is an orthonormal basis consisting of

eigenvectors of α.

Moreover [α]B = [α]
T

B. Now [α]B is diagonal,

[α]B =

λ1 0
. . .

0 λn

 ,

so λ̄j = λj for all 1 ≤ j ≤ n, so λj is real. (Or [α−1]B = [α]
T

B, so λ̄j = λ−1
j for all

1 ≤ j ≤ n, so |λj | = 1.)
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Lemma 7.14. If α ∈ End(V ) is Hermitian and if v1, v2 are eigenvectors of α corre-

sponding to distinct eigenvalues λ1, λ2 then v1 ⊥ v2.

Proof. Consider 〈α(v1), v2〉.

λ̄1〈v1, v2〉 = 〈α(v1), v2〉 =
∏

v1α(v2) = λ2〈v1, v2〉

so either λ1 = λ̄1 = λ2 or 〈v1, v2〉 = 0. As λ1 6= λ2, the result follows.

Lemma 7.15. If α is a symmetric endomorphism of a real inner product space, then α
has real eigenvalues. Also, eigenvalues corresponding to distinct eigenvalues are orthog-

onal.

Proof. Let B be any orthonormal basis of V . Then [α]B is a real symmetric matrix, so

also Hermitian (as a complex matrix). Hence the eigenvalues of [α]B, and so of α, are
real by Theorem 7.13, and the rest follows from Lemma 7.14.

Theorem 7.16. Let V be a real inner product space, let α ∈ End(V ) be symmetric.
There is an orthonormal basis of V consisting of eigenvectors of α.

Proof. We prove this exactly as before for Theorem 7.13, but use Lemma 7.15 to get

started.

Remark. If V is a real inner product space and α ∈ End(V ) is orthogonal, there need
not be a basis of eigenvectors. But Example Sheet 4 Question 14 shows that if α is

orthogonal then there exists an orthonormal basis B of V such that

[α]B =



1 0
0 1

−1 0
0 −1

cos θ1 sin θ1
− sin θ1 cos θ1

. . .


for some θi ∈ R.

Remark. Let A be a real symmetric (resp. complex Hermitian) matrix. Regard it

as an endomorphism on the inner product space Rn (resp. Cn) with the usual dot

product. There exists an orthonormal basis v1, . . . , vn of eigenvectors of A. The matrix
P = (v1, . . . , vn) is orthogonal (resp. unitary) and AP = PD with D diagonal. Hence

P−1AP = D = P TAP (resp. P̄ TAP = D).

Proposition 7.17. Let ψ be a real symmetric bilinear (resp. complex Hermitian) form

on a real (resp. complex) vector space V . Let A be its matrix with respect to any basis B
of V . Then the signature of ψ is the di�erence of the number of positive and the number

of negative eigenvalues of A.

Proof. The matrix A is symmetric (resp. Hermitian), so by the previous remark there

exists an orthogonal (resp. unitary) matrix P such that P−1AP = D = P TAP (resp.

P̄ TAP = D). The assertian now follows.
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Remark. Let A be a real symmetric n × n matrix, let V be a real vector space of

dimension n with a basis B. We can de�ne α ∈ End(V ) with [α]B = A and a bilinear

symmetric form ψ with [ψ]B = A. Changing to a di�erent basis C will do di�erent

things to A. But let 〈, 〉 be the inner product on V such that B is orthonormal. (De�ne

〈ei, ej〉 = δij and extend.) If C is also orthonormal with respect to 〈, 〉 and P is the

change of basis matrix, then P−1 = P T and P−1AP = P TAP , so [α]C = [ψ]C .

Theorem 7.18 (Simultaneous diagonalisation of quadratic forms). Let ψ and φ be

symmetric bilinear (resp. Hermitian) forms on a real (resp. complex) vector space V .
Assume ψ is positive de�nite. There exists a basis of V with respect to which both ψ
and φ are diagonal.

Proof. Fix any basis and let A,C be the matrices representing ψ, φ. Now diagonalise

ψ. For some non-singular matrix P , P TAP = I as ψ is positive de�nite. Now P TCP is

symmetric (resp. Hermitian) so for some orthogonal matrix Q, QTP TCPQ is diagonal.

Then QTP TAPQ = QT IQ = I. Write

QTP TCPQ = D =

d1 0
. . .

0 dn

 .

In fact, the diagonal entries d1, . . . , dn of D are the roots of the polynomial det(C− tA).
They are certainly roots of det(D − tI) and

det(D − tI) = det((PQ)2(C − tA)(PQ)) = (det(PQ))2 det(C − tA),

so det(D − tI) and det(C − tA) have the same roots.

We now provide a second proof of Proposition 7.10 in case of a real inner product space

V .

Proof. Consider α ∈ End(V ), α∗ ∈ End(V ), 〈α(v), w〉 = 〈v, α∗(w)〉.
Fix w ∈ V ; the map φ(w) : V → F, v 7→ 〈v, w〉 is a linear functional on V . The map

V̄ → V ∗, w 7→ φ(w) is an isomorphism. (V̄ is as V , but λ · v = λ̄v.) Hence any linear

functional on V can be written for some unique w′ ∈ V as v 7→ 〈v, w′〉.
Fix w ∈ V ; now v 7→ 〈α(v), w〉 is a linear functional on V , so there is a unique w′ = α∗(w)
with 〈α(v), w〉 = 〈v, α∗(w)〉 for all v, w ∈ V . Finally, check that α∗ is linear.
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