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Chapter 1

Vector spaces

Remark. Write F for the field R or C. The crucial properties of F are as follows.

e [Fis an abelian group under +, with additive identity 0.
e I\ {0} is an abelian group under -, with multiplicative identity 1.
e Multiplication is distributive over addition, a(b+ ¢) = ab+ ac for all a,b,c € F.

Definition. The set V' is a vector space over F if the following holds.

(A) V is an abelian group under an operation +.

(AO) +:V =V, (v1,v2) — v +vy €V
(A1) For all v1,ve,v3 € V, (v1 + v2) + v3 = v1 + (v2 + v3);
(A2) For all vi,v9 € V, v1 4+ v9 = v9 + v1;
(A3) There exists 0 € V such that v+ 0=wv forallv e V.
(A4) For each v € V there exists —v € V' such that —v 4+ v = 0.
(B) There exists a multiplication - by scalars on V.
(BO) -:FxV =V, (\v)+— Av;
(B1) For all A € F,vy,v9 € V., Av1 4 v2) = Avy + Ave;
(B2) For all \j, Ao € F,v € V, (A1 + A2)v = A\v + Ao
(B3) For all Ay, A2 € Fov eV, (A ha)v = A (A\av);
(B4)

B4) For allv e V, 1v = v.

Lemma 1.1. Let V be a vector space over I and let v € V, A € F. Then
(i) 0-v=0,A-0=0;
(i) —v = (~1)-v;
(iii) if Av = 0 then either A =0 or v = 0.
Proof. (1) 0-v=(0+0)-v=0-v+0-v,500=0-wv.

(i) —=v+v=0=0w=(-14+1)v=(—1v+1v=(—-1)v+wv,s0 —v=(—1)v.
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(iii) Let Av = 0 and suppose A # 0. Then A~! exists and A~!(\v) = A710 = 0 but
M) = (AN v=1v=vsov=0. O

Example. (i) The space F" of n-tuples with entries in F.

(ii) Let X be any set. The set FX of all functions X — T is a vector space over F
addition and multiplication defined pointwise.

Definition. Let V be a vector space over F. A subset U C V is a subspace of V', written
U<LVif

e 0 U,
e uj,upo € U = uy +ug € U;

e NcFuelU = Mel.

Equivalently, U # () and U is closed under linear combinations.

Lemma 1.2. If V is a vector space over F and U < V then U is a vector space over F
under the restriction of the operations + and - on V to U.

Example. (i) R® is a vector space over R. The set C(R) of continuous real functions
is a subspace, and hence a real vector space.

(ii) Similarly, one can also consider the subspaces D(R) and P(R)) of differentiable
and polynomial functions, respectively.

Remark. If n € No, A\i,..., A\, € F, v1,...,0, € V write Y ;" A\ju; for the linear
combination A\jv; + - - - + A\pv,. By convention, 2?21 Aiv; = 0. Also note that all linear
combinations are finite. If S C V, the linear combination » _o A,v has only finitely
many v such that A, # 0.

vES
Definition. The vector vq,...,v, in V span (or generate) V over IF if any v € V is a
linear combination of vy, ...,v,. Write V = (v1,...,v,).

More generally, if S C V then S spans V if

n
VoeV FneNy Jup,...,vop €V A, A €F v=) X
=1

Example. (i) P»(R) is spanned by 1,z, 2%

(ii) P(R) is not finite-dimensional.

Definition. The vectors vy,...,v, are linearly independent in V over F if whenever
Avr + - Ay = 0 then Ay = --- = Ay, = 0. Otherwise, the vectors are linearly
dependent.

More generally, if S C V then S is linearly independent precisely if every finite subset
of S is linearly independent.

Remark. 0 is never contained in a linearly independent set as 1 -0 = 0.

Remark. (i) V = C is a vector space over R and 1,4 are linearly independent.



(ii) V = C is also a vector space over C. In this case, 1, are linearly dependent.

Definition. The vectors vy, ..., v, form a basis of V if they both span V over F and
are linearly independent.

Example. (i) P»(R) has standard basis 1, z, z2.
(ii) F™ has standard basis e1, ..., e, where e; = (0,...,1,...,0)T.
(iii) {0} has basis 0.

Lemma 1.3. vy,...,v, € V form a basis of V over F if and only if each element v € V'
can be written uniquely as v =Y | \jv; with A; € F.

Proof. Let v € V. wy,...,u, span V so v = Zf 1 Aiv; for some A\; € F. If also
v =Y, pv; then 0 = Zz 1 (Xi — p3)vs, so as v, ..., v, are linearly independent, we
have \; = p; fori=1,...,n

Conversely, since each v € V is a linear combination of vy,...,v,, we have vi,..., v,
span V over F. They are linearly dependent since if > " ; Ajv; = 0 = > ;| Ov; then
Ai =0 for ¢ =1,...,n by uniqueness. O
Lemma 1.4. if vy,...,v, span V over F, some subset of {vy,...,v,} is a basis of V.

Proof. If vy, ..., v, are linearly independent, we are done. Otherwise, for some k, there
exist ai,...,aqp—1 € F with vy = aqv; + -+ + ag_1vg—1. (If Mo + -+ Apv, = 0
with not all \; = 0, take k maximal with A\, # 0 and let a; = —%.) Then
ULy .., Uk—1, V1, - - -, Up still span V since whenever v = 3" | \;jv; then v = Z,’f;ll(ai +
Ai)v; + Z?:kﬂ Aiv;. Continue deleting until we have a basis. O

Theorem 1.5 (Steinitz Exchange Lemma). Let V' be a finite dimensional vector space
over F. Let v1,..., v, be linearly independent and let wy,...,w, span V over F. Then
m < n, and reordering the w; if necessary, the vectors vy, ..., vm, Wm1, ..., W, span V.

Proof. Suppose we have replaced r > 0 of the w; already, renumbering the w; if necessary,
we have vy, ...,Up, Wyy1,...,wy span V. If r = m, we are done. So assume r < m. Then

Ur41 = Zazvz + Z Biw;

i=r+1

for some «;,3; € F. Note that 5; # 0 for some ¢ since wvq,...,v, V.41 are linearly
independent. After reordering wy41,...,w, we have 8,411 # 0. Then

—Qy _51
w 1= — 1 +
T Zﬁrﬂ 5r+1 i Z ﬁr+1

It follows that V is spanned by v1,...,vp, Upy1, Wyt ..., wy,. After m steps, we shall
have replaced m of the w; by the v;, retaining the spanning property. It follows that
m < n. O

Theorem 1.6. If V is a finite dimensional vector space over IF, any two bases have the
same size, the dimension of V over F, dimp V.
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Proof. Let vy, ...,vy and wy,...,wy, be two bases. Then m < n since the v; are linearly
independent and the w; span V. Also n < m since the w; are linearly independent and
the v; span V. ]

Example. (i) dimpF" = n;
(ii) dimg P(R) = 3;
(iii) dimp C = 2;
(iv) dimpF = 1.

Lemma 1.7. If V is a finite dimensional vector space over I, and if the vectors vy, ..., vy
are linearly independent for some k > 0, there exists a basis vy, ..., vk, Vgt1,..., 0y Of

V.

Proof. 1f vy, ..., v span V, we are done. Otherwise, take viy1 € V' \ (v1,...,v). Then
V1, ..., Up+1 are linearly independent. We shall obtain a basis after dim V' — k steps. [

Remark. If V is finite dimensional then whenever U < V then dimU < dim V with
equality if and only if U = V.

Lemma 1.8. Let V be a vector space over F with dim V' = n.

(i) An independent set has at most n vectors, with equality if and only if it as basis.

(ii) A spanning set has at least n vectors, with equality if and only if it a basis.

Proof. (i) This follows from Lemma 1.7 and Theorem 1.6.
(ii) This follows from Lemma 1.4 and Theorem 1.6. O

Lemma 1.9. Let dimr V = n. The following are equivalent.

(i) v1,...,v, form a basis.
(ii) wvy,..., v, are linearly independent.
(iii) v1,...,v, span V.

Lemma 1.10. Let S C V. There is a unique smallest subspace U of V containing
S, denoted by U = (S), the subspace generated by S. In fact, U consists of linear
combinations of elements of S.

Proof. If we write U for the set of linear combinations of elements of S then U is a
subspace of V. On the other hand, U as defined above has to be in any subspace
containing S. O

Example. Let V = RF and S = {1,z,2%,...}. Then (S) = P(R), the subspace of
polynomial functions.

Remark. (i) The intersection of any collection of subspaces is a subspace.

(i) FUW <V detfineU+W ={u+w:ueUweW}. Then U+W < V.



(iii) Note that U U W is a subspace if and only if U C W or W C U.

Theorem 1.11. If U, W are finite dimensional subspaces of V then U + W is also finite
dimensional and dimU + W =dimU +dim W —dimU N W.

Proof. Let wvy1,...,v; be a basis for U N W. Extend this to vy,..., vk, u1,...,
a basis for U and to wvy,...,v,wy,...,w, a basis for W. We claim
Uly ooy Uk, ULy -« oy UL, W, - - -, Wep 18 & basis for U + W.

o IfveU+W,then v =u+w for some u € U, w e W. Now u = > aju; + Y fiu;
for some v, 5; € F and w =) ofv; + Y vw; for some o, ~; € IF, and therefore

v= Z(ai +af)v; + Zﬁz’ui + Z%’wi-
e Suppose > a;v; + Y. Biu; + Y viw; = 0. Then
dawi+ Y B ==Y viw;
~ Yo

for some 9; € F, using that the LHS is in U and the RHS is in W, so both vectors
are in U N W. Then

Z(ai — 03)v; + Zﬁiuz‘ =0,

and as v1,..., U, U1,...,u form a basis of U, we have that all §; are 0. But then
Z Q;v; + Z%"wi =0,
and as v1,...,V, Wy, ..., Wy, form a basis of W, we have that all a;,~; are 0. O

Definition. Let V' be a vector space over F and suppose U, W < V. Then
V=UeW

if every element v of V' can be written uniquely as v = v+ w with u € U and w € W.
If so, we say W is the complement (or complementary subspace) of U in V.

Lemma 1.12. Suppose UW < V. Then V. =U @ W if and only if U + W =V and
Unw ={0}.

Lemma 1.13. If V is a finite dimensional vector space over F and U < V', then U has
a complement in V. (Note this is not at all unique unless U = {0} or U =V.)

Proof. Take v1,...,v; a basis for U and extend to a basis uq, ..., ug, Wkt1, - .., wy for
V. Then W = (wgy1,...,wy) is a complement of U in V. O

Lemma 1.14. Suppose Vi,..., Vi <V andlet Y V; = {> v; : v; € V;} < V. The sum
is direct, written as @ V;, if each v € V' is uniquely expressible as Y v; with v; € V.

Lemma 1.15. Let Vi,..., Vi < V. The following are equivalent.

(i) >_V; is direct.
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(ii) If B; is a basis for V; then B = Ule B is a basis for Y V;.
(iii) For each i, V;N 32, V; = {0}

Note that in (iii), if £ > 2 it is not enough to assume V; NV, = {0} for all i # j.

Proof. We show (i) = (ii). Let B; be a basis for V;, let B = Jf_, B;. f v e Y Vi
then v = Zle v;, and v; can be written as a linear combination of vectors in B;, so
substitute for each v; and obtain v as a linear combination of B. If we have a linear
combination of vectors in B equal to 0, collect together terms in each V;, let v; denote
the part in V;. Then v; +- - -4+wv; = 0. By uniqueness of expression for 0, we have v; = 0.
Now B; is linear independent, so all coefficients are 0. ]



Chapter 2

Linear maps, matrices

2.1 Basic definitions and properties

Definition. Let V, W be vector spaces over F. The map a: V — W is linear if

a(vr +v2) = avr) + a(vg)
a(Av) = Aa(v)

for v,v1,v2 € V, X €F.

Example. (i) The map D : D(R) — F(R) = R¥, f — 9L is linear.
(ii) The map [ : C[0,1] — F[0,1], f — [y f(t) dt is linear.
(iii) If A is an m X n matrix, the map a : F" — F™ z +— Az is linear.

Lemma 2.1. Let U, V, W be vector spaces.
(i) ty:V — V,v— v is linear.

(i) U LR V %5 W with o, 8 linear, then sois a0 3: U — W.

Lemma 2.2. Let V, W be vector spaces over [F, let B be a basisfor V. If ag: B - W
is any map, there is a unique linear map a : V' — W which extends ag, so a(v) = ap(v)
for all v € B.

Proof. For v € V with v = Av1 + -+ + Ayv, where v; € B, \; € F, we must have
a(v) = > Nag(v;). Then « is linear. O

Definition. If V| W are vector spaces over F, the map o : V — W is an isomorphism
if it is linear and bijective. Write V' ~ W is an isomorphism V' — W exists.

Lemma 2.3. ~ is an equivalence relation on the set of vector spaces over F.
(i) tv : V — V is an isomorphism.
(ii) If &« : V — W is an isomorphism, then ! : W — V is an isomorphism.

(iii) FU &V oW are isomorphisms then so is foa: U — W.
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Proof. (i) and (iii) are clear. To prove (ii), suppose « is an isomorphism so a~! : W — V/
exists and is a bijection.

a H(w +wo) = a Ha(vy) + avy))
=a Ya(vy +v2))
= V1] + V2
=a Hwy) + o (w2)
a tOw) = ot Aa(v))
=a Ha(Ww))
=\
= o H(w)

So a~! is linear. ]

Theorem 2.4. If V is a vector space over F of finite dimension n, then V' ~ F”.

Proof. Choose a basis vi,...,v,. The map o : V. — F", 3" | Ny — (Ai,.. ., AT s
an isomorphism. O

Theorem 2.5. The vector spaces V, W over I are isomorphic if and ounly if they have
the same dimension.

Proof. If v1,...,v, and wy,...,w, are bases for V and W, respectively, then the map
a:V =W, Nv; — > Nw; is an isomorphism.

The image of a basis of V under an isomorphism is a basis of W. Let B be a basis of
V,a:V — W an isomorphism. Then «(B) is a basis of W.

o If w e W, then w = a(v) for some v € V; write v =Y 1 | \jv; with vy,...,v, € B,
N; € F. Then w = Oé(z /\ZUZ) = Z )\@Ol(’Ul)

o If \ja(v1)+- -+ \a(v,) =0 then a(Avi+---+A\vy) =080 Ao+ -+ A0, =0
as « is injective. Hence \; = 0 for all ¢ as B is independent. O

Remark. These isomorphisms are not natural, they depend on the choice of bases.

Definition. Let o : V. — W be a linear map. Write ker(a) = {v € V : a(v) =
0} = N(a), the nullspace of a, and Im(a) = {w € W : w = «(v) for some v € V}.
Then N(a) <V, Im(a) < W. Note that « is injective if and only if N(a) = {0} and
surjective if and only if Im(ar) = W. Define n(a) = dim N(«), the nullity of «, and
rank(a) = dim Im(a), the rank of «.

Theorem 2.6 (Rank-nullity theorem). Let V', W be vector spaces over F with dimy V'
finite. Let a: V' — W be a linear map. Then dim V' = rank(«) + n(a).

Proof. Let v1,...,vr be a basis for N(«), extend to v1,..., Vg, Ukt1,.-., U, a basis for
V. We claim o(vg+1), ..., a(vy,) is a basis for Im(a).

o If w € Im(ew), say w = a(v), v € V, then v = Y " | \ju; for some \; € F. So
w = av) =301 Na(vg) = Y0 Aia(vg), since a(v;) = 0 fori=1,...,k.



o If Y70 Nia(v;) = 0 then a(3 7, Avg) = 0,50 Y70, 1 v € N(), so it can
be written as Zle Aiv;. But vy,...,v, are linearly independent, so A; = 0 for
i=1,...,n. ]

Remark. The rank-nullity theorem is a linear version of the isomorphism theorem. Let
V be a vector space over F and N < V. Then V/N = {v+ N : v € V} is a vector space
over [F with the operations defined as follows.

(1 + N)+ (v2+ N) = (v1 +v2) + N
AMv+N)=(\)+ N

Write V = V/N, o = v+ N. Choose a basis v1,...,V, Vpi1,--.,0, for V containing
the basis v1,...,v, for N(a). Then viy1,...,0, is a basis for V. Hence dimV/N =
dimV — dim N. Now let o : V — W be linear for some vector space W over F.
Then V/N(a) = Im(a). The map v + N(a) — «(v) is linear. Hence dimIm(a) =
dimV/N(a) = dimV — dim N(«).

Lemma 2.7. Let V be a vector space of finite dimension over F, let o : V — V be
linear. (More generally, consider a : V' — W with dim V' = dim W.) The following are
equivalent.

(i) « is an isomorphism.
(ii) « is surjective.
(iii) « is injective.

Proof. Apply the rank-nullity theorem. O

2.2 The space of linear maps

Definition. Let U, V be vector spaces over F. L(U,V) ={a:U — V | a linear} is a
vector space with

(1 + a1)(u) = a1 (u) + az(u)
(Aa)(u) = Aa(u)

foru € U, for o, ay, 9 € L(U, V), XA € F. (To show this is a vector space over F, consider
the vector space of all functions U — V' and show L(U, V) is a subspace.)

Proposition 2.8. If U, V are vector spaces over F, then £(U, V) is a vector space over F.
If both U, V are finite dimensional, then so is £(U, V') and dim £(U,V) = dimU dim V.

Proof. 1t remains to check the dimension claim. Let wq,...,u, be a basis for U, let
V1,...,0, be a basis for V. For 1 <7 < m, 1 < j < n, define ;5 : up — 0jv; for
1 <k < n, and extend linearly. Then ¢;; € L(U, V), and they form a basis.

If ZM Aijgij = 0, then in particular for all 1 <k < n,

0 = Z )\ijsij(uk) = Z )\Z’kvi.
1] i
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Now the v; are linearly independent, so A;z = 0 for all 1 < i < m. This is true for all
1 <k <mn, so the g;; are linearly independent.

Let o € L(U,V), say o(ug) = Y, aixv;. Then
> (aijeii(ur)) =Y agvi = o(uy)

i, i
for any 1 < k < n, so the maps are equal on a basis of U, hence they are equal by
Lemma 2.2. [

2.3 Matrices

Definition. An m x n matrix over I is an array A = (a;;) with m rows and n columns
and a;; € F for 1 <i <m, 1 <n < n. Write M,, ,,(F) for the set of all m x n matrices
over F.

Proposition 2.9. M, ,(F) is a vector space under operations

(aij) + (bij) = (ay + bij)
AMaij) = (Maij)
with dimg My, ,,(F) = mn.

Proof. We prove the dimension claim. For 1 <i<m, 1 < j < n define

eij =1
Eij = PR .
ei'j,_o if (17])7&(%])‘
This is a natural basis. O
Let U, V be finite dimensional vector spaces over F, let o : U — V be linear. Fix bases

B ={u1,...,up} and C = {v1,...,vn} for U and V, respectively. Define A = (a;;) by
a(u;) =Y, aijv;i. For u € U with u = Y, Mu; write [ulg = (A1,...,A\)T. Then

A= ([a(ul)]c [a(un)]C) )
denoted A = [a]p,c.

Lemma 2.10. For all u € U, [a(u)]c = [o]B,c[u]B
Proof. fu e U, u= 3% A\jujso [ulp = (A1,... ,An)T, then
a(u) =Y Nja(u;)
J
= Z /\j Z Aj5V;
j i
= Z Z aij)\jvi
i g
=D (A [ulp)w;

so [a(u)]c = A - [u]B. O



11

Remark. Let B = {u1,...,un}, C = {v1,..., vy} be bases for U,V respectively. Set
e=¢e¢p:U —-F'uw— [up, ¢ =0¢c:V — F" v [v]c. We have the following
commuting diagram.

U 25 v

S

Fr A, m

Remark. In fact, A as defined above is the only matrix for which [a(u)]c = A - [u]p
for all w € U. If also A’ - [u]p = [a(u)]¢ for all uw € U, then this is in particular true

for ui,...,u,. But [ug]p = ex and A’ - ey is the kth column of A’. This is true for each
1 <k <n, so it determines the matrix.

Proposition 2.11. If « : U — V is linear and dimU = n, dimV = m, then L(U,V) ~

Proof. Let B = {u1,...,u,} and C = {v1,...,v,} be bases for U and V, respectively.
Then 6 : L(U,V) — My, n(F), a — [a]p,c is an isomorphism. O

Lemma 2.12. Let U 5 V £, W be linear and choose bases B,C, D for U,V, W,
respectively. Then [Boalpp = [lep - [a]B,c-

Proof. Write A = [a]p,c, B = [fBlc,p. Then

B o a(ug) ﬂzajku]
= Z%k 2 bigws
= Z Z bijajpwi
= Z (BA)jxw;

so [foalpp = BA. O

2.4 Change of bases

Let U and V be vector spaces over F. Suppose U has bases B = {uy,...,u,} and
B = {u),...,ul}, V has bases C = {v1,...,0} and C" = {v},...,v],}. The matrix
P = (pij) is the change of bases matrix from B to B’ if u}; =3, pjju;, so

P=([uils ... [W.]B)=[w]sB

Then [u]lp = Plu]p for all w € U. (This is clear for each u’; since [u}]p = e;.) Note
that P is invertible, in fact, P~! is the change of basis matrix from B’ to B. Similarly,
we obtain the change of basis matrix @ from C to C’.

Lemma 2.13. Let a : U — V be a linear map, let B, B’,C,C’ be as above and let
A=la]pc, A= [a]p,cr. Then A'=Q 'AP.
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Proof. For all u € U we have

so A =Q 1AP. O

Definition. The m x n matrices A, A" € My, ,,(IF) are equivalent if there exist invertible
matrices Q € My, o (F), P € M, »(F) such that A’ = QAP. This defines an equivalence
relation on My, ,(IF).

Equivalent matrices arise as representing the same linear map from a space U to a space
V of dimension m and n with respect to different bases.

Lemma 2.14. (i) Let U, V be vector spaces over F with dimU = n, dimV = m.
Let o« : U — V be linear. There exist bases B of U and C of V such that

[a]gc = (%) for some 7.

I, 0
s 0) for some 7.

(ii) Any m x n matrix is equivalent to (
Proof. (i) Let uy41,...,up, be a basis for N(«a), extend this to a basis B =
{u1, ..., up,Ups1,...,un} of U. Then a(ui),...,a(r) is a basis of Im(a). We

can extend this to a basis C = {a(u1),...,a(ur), vr41,...,05} of V. Then
1, 0

[a],c = (0 0)'
(ii) Let A € My, n(F). Define a : F* — F™, 2 — Axz. With respect to the standard
bases of F", F™ « has matrix A. By part (i) and Lemma 2.13, A is equivalent to

(10”8) for some 7. ]

2.5 Rank

Definition. Let A € M,, ,,(F). The (column) rank of A, denoted rank(A) is the dimen-
sion of the column space of A. The column space is the subspace of F™ generated by the
column vectors of A.

Lemma 2.15. Let a: U — V be linear, let B be a basis for U, and C' be a basis for V.
Let A = [o]p,c. Then rank(a) = rank(A).

Proof. The map 0 : Im(«) — colsp(A), a(u) — [a(u)]¢ is an isomorphism. O

Proposition 2.16. The matrices A, A" € M,,,(F) are equivalent if and only if
rank(A) = rank(A4’).

Proof. Assume A’ = Q7'AP with Q, P invertible. Let « : F* — F™, x — Axz. Then
a with respect to standard bases B, C has matrix A. Let B’ be the set of columns of
P, let C’ be the set of columns of Q'. Then [a]pcr = Q@ 'AP by Lemma 2.13 since
P and C are the change of basis matrices from B to B’ and C to C’, respectively. So
rank(A) = rank(«) = rank(A’) by Lemma 2.15.

We have that A and A" are equivalent to (% J) and (16’ g) for some r and 7/, respectively.

By the first part, rank(A) = r, rank(A’) = r/. Since rank(A) = rank(A’) we have r = r’
so A and A’ are equivalent by transitivity of the equivalence relation. O
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Definition. For A € M,, ,(F) let rowrk(A) = dimrowsp(4) = rank(A”).
Theorem 2.17. For A € My, »(F), rowrk(A) = rank(A).

Proof. Let A € My, ,(F), let r = rank(A). Then A is equivalent to (% g)mxn’ S0
(Ié“ g)an = QAP for some invertible matrices (), P. Consider the transpose,
I. 0
T AT AT _ (1r
(5 )
nxm
sp AT is equivalent to (Id“ g)nxm. Visibly, rank(% g)nxm = 71, so rowrk(A) =
rank(A”) = rank(fr 0) s =T = rank(A). O

2.6 Calculations

Definition. The following are the elementary column operations on an m X n matrix
over FF.

(i) Swap columns ¢ and j.
(ii) Replace column i by A column i, where A € F \ {0}.

(iii) Add A column ¢ to column j, where ¢ # j and A € F.

The corresponding elementary matrices are obtained by applying these operations to I,,.
Call these T;j, M;  and C; j ». An elementary column operation on A can be performed
by postmultiplying A with the corresponding elementary matrix. All these operations
are reversible.

Definition. A an m X n matrix with the following properties is said to be in column
echelon form.

(i) The highest placed non-zero entry in column j is 1 in row ;, with iy <ip < ---.

(ii) The entry in row i; and column k with k£ < j is 0.

Lemma 2.18. Any matrix A can be reduced to a matrix in column echelon form by a
sequence of elementary column matrices.

Remark. If A is a square n X n matrix and is invertible, the equivalent column echelon
form is I,,. This can be used to find A~1.

A— AE\Ey-- Ep=1

Iy I,E1Ey-- - Ep = A7L.
Lemma 2.19. If A is an invertible n X n matrix then A is a product of elementary
matrices.
Proof. By the above remark, A~! = F - -- E}, is a product of elementary matrices, hence

sois A=E ' ETL O

Definition. Two n x n matrices A, A’ are similar if A’ = P! AP for some invertible
matrix P.






Chapter 3

Determinant and trace

Definition. For A € M, (F) define tr A = )", a;;. Note tr : M, (F) — F is linear.

Lemma 3.1. tr(AB) = tr(BA).

Proof. tr(AB) = ZZ Zj aijbji = Ej ZZ bjiaij = tI‘(BA). ]
Lemma 3.2. Similar matrices have the same trace.
Proof. tr(P~'AP) = tr(APP~!) = tr(A). O

Remark. For a € End(V) we can define tr(«) = tr[a]p, where B is any basis for V.

Recall that S,, is the group of all permutations of {1,...,n}. The elements are permu-
tations, the group operation is composition of permutations (co7)(j) = o(7(j)). Any o
can be written as a product of transpositions.

(o) +1 if # permutations is even,
e(o) =

—1 if # permutations is odd.
e: Sy, — {+1,—1} is a homomorphism.

Definition. For A € M, (F) define

det A = Z €<O’)CLJ(1)1 ce aa(n)n.
O'ESn

Writing A® for the ith column of a matrix A we have A = (A(l), e ,A(”)), SO we can
think of A is an n-tuple of columns in F”. Write {ey,...,e,} for the standard basis of
F™.

Definition. The function d : F™ x .-+ x F* — [F is a volumne form on F"™ if
(i) it is multilinear, i.e.

d(v1y ..oy AUy ooy Up) = Ad(V1, .., iy e ey V)

d(v1, .. v+ vn) = A1,V ) F (U1, U U

(ii) it is alternating, i.e. whenever ¢ # j and v; = v; then d(vy,...,v,) = 0.
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d is a determinant function if it is also normalised, i.e. d(eq,...,e,) = 1.

Lemma 3.3. Swapping columns in a volume form changes the sign. For i # j,
AV, U,y Vi V) = —d(V1, . Vi Uy, Un).
Proof.

0=d(vi,...,vi +vj,...,0 +vj,...,0)
=0+dvi,..., V.., 05, .., 0n) Fd(v1, .., 05,0, U,) 0 O

Corollary 3.4. If 0 € S,, and d is a volume form on F" then
d(”o’(l)7 <. ,Ua(n) = E(U)d(’l)l, e ,'Un)

for vy,...,v, € F". In particular,

d(ea(l), ey €U(n) = €(U)d<61, ey en)

if d is a determinant function.

Theorem 3.5. If d is a volume form on F” and A = (a;;) = (AW, ..., A™)) € M, (F)
then d(AW ..., AM) = det Ad(e1, ..., e,).

Proof.

d(AW, . AT = d(Y " aje;, AP, AM)
J1
= Z a’jlld(ejl ) A(2)7 R A(n))
Ji

= Z (IjllanQd(ejl, ejQ,A(?’), e ,A(n))
J1.J2

= Z aji1 - Gand(eg, - - €5,)

Jiyedn
= Z Ao(1)1 """ aa(n)ns(a)d(elv R 6n)
UESn
= (det A)d(e1,...,en). O

Theorem 3.6. If we define d : F* x --- x F* — F by d(AW, ..., A™) = det A for
A= (AM, . A™) then d is a determinant function.

Proof. (i) H?Zl ay(jy; is multilinear, hence so is the linear combination det A.

(ii) If A®) = AW with k # [ then det A = 0. Write 7 = (kl), a transposition in S,,.

det A = Z (o) Haff(ﬂ')j
J

gESy
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Reorder the sum, take each even permutation o followed by the odd permutation
ot and note (o) =1, e(o7) = —1. Thus

det A= 3 | [awi—]Taorci | =0
J

o even i

as each of the summands is zero since

Ao (1)1 " " Co(k)k " " Qo)L " " Ao (n)n

— Qo)1 Aa()k """ Ao(k)l """ Qo(n)n — 0.

(i) det A =3 g €(0)[[j=105(y; =€(¢) - 1 =1 O

Lemma 3.7. det AT = det A.

Proof. If o € S,, then H?Zl Ug(j)j = H;”:l ajq(j) as they contain the same factors but in
a different order. Also, as o runs through S,,, so does 0=! and e(01) = &(o). Hence

det A = Z (o) H Ag(j)j
j=1

oES,
= Z 6(0’) Haqu(j)
oESh 7=1
= > @) [T a0
oESy 7j=1
=det AT O

Lemma 3.8. det is the unique multilinear alternating form in rows normalised at I.

Lemma 3.9. If A is an upper triangular matrix, i.e. a;; = 0 for all ¢ > j, then det A =

aiy - Gpn-
Proof. From the definition the determinant,

det A = Z E(O’)ag(l)l . aa(n)n‘

O’GSn
For a product to contribute, we must have o (i) < i for alli=1,...,n. Hence o(1) =1,
0(2)=2,...,0(n) =n,s0 0 = and hence det A = a1y - - - app. O

Lemma 3.10. If F is an elementary matrix, then for any n x n matrix A,
det(AFE) = det Adet E = det(EA).

Performing an elementary column or row operation on A multiplies det A by the deter-
minant of the corresponding elementary matrix.

Proof. Note that for the determinants of the elementary matrices we have det T;; = —1,
det M; » = A, det C; j » = 1. Performing the corresponding elementary column or row
operation multiplies det A by —1, A, 1, respectively. O
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Theorem 3.11. Let A be a square matrix. Then A is non-singular if and only if
det A # 0.

Proof. If A is non-singular then A can be written as a product of elementary matrices by
Lemma 2.19, so det A is the product of the corresponding determinants, so det A # 0.

If A is singular we can obtain a 0 column as a non-trivial combination of columns of A,
so using elementary column operations on A we can obtain a matrix with a 0 column.
Hence det A = 0 by Lemma 3.10. O

Theorem 3.12. If A, B € M, (F), then det(AB) = det(A) det(B).

Proof. Fix A; thendy : (BM, ..., B™) — det(AB) for B = (BM, ..., B™)is a volume
form on F”. Note that det(AB) = do(ABW, ..., AB™) an so d4 is multilinear and
alternating. Hence

det(AB) = d(BW, ..., B™)
= det Bda(e1,...,en)
= det(B) det(A),

using Theorem 3.5. ]

Proof. Expand as before.

det(AB) = det | Y bj,1 AUV Zb]n Aln)
Ji

- H o | detar 4zt
o€Sn

o)det A

Il
E:

ceS, \Jj=1
= det(A) det(B). O
Proof. 1If B is singular, so is AB and hence det B = 0 = det(AB). So assume B is non-

singular and write it as a product of elementary matrices, B = Fj - -+ E; by Lemma 2.19.
Using Lemma 3.10,

det(AB) = det(AE1 cee Ek)
= det Adet F7 - - - det E},
= det Adet B. O

Corollary 3.13. If A is invertible then det A=! = (det A)~!

Proof. As A is invertible, AA™Y = T so (det A)(det A=!) = det] = 1 and hence
det A7! = (det A)~! O

Corollary 3.14. Conjugate n X n matrices have the same determinant.
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Proof.

det(P~'AP) = det P~' det Adet P

= (det A)(det P)(det P)~!
=det A O

Definition. If « : V' — V is a linear endomorphism, define det @ = det[a]p for any
basis B of V.

Theorem 3.15. det : End(V) — F has the following properties.

(i) dete=1.
(ii) det oo 8 = det adet 3.

(iii) deta # 0 if and only if « is invertible, and if « is invertible then deta™! =
(det o)t

Remark. Consider the group GL(V') of automorphisms of V' and the group GL,(F) of
invertible n x n matrices over F. Then GL(V) ~ GL,(F) and det : GL,(F) — F is a
homomorphism.

Lemma 3.16. If A € M, (F), B € M(F) and C € My, (F). Then det(4§) =
det Adet B.

Proof. Fix B,C. Then dpc : A — det( ) is a volume form on the column space
™. Hence by Theorem 3.5, dpc(A) = detAde (é g) Now keep C fixed. The map
B — det(é g) is a volume form on the rowspace F*. Hence det({; g) = det B({) (IJ)
Now det(é ?) =1as ( ) is triangular. So det( ) = det Adet B. O

Proof. Write X = ( g) and expand the expression for the determinant.

A C r
det (0 B) = Z (o) H To(5)j

U€§m+n j:l

Note z4(;); = 0if j < m, o(j) > m, so we only sum over o with the following properties.

a(j

(i) For j € [1,m], o(j) € [1,m]. Here z,
of o to [1,m)].

§)j = Qo (j); Where o1 € Sp, is the restriction

(ii) For j € [m+1,m+ k|, o(j) € [m + 1,m + k]. Here, writing I = j — m, we have

To(j)j = bap1y Where o2(l) = o(m +1) —m.

Noting also that (o) = €(01)e(0o2) for such o, we obtain

m k
det(’é1 g) = Z H Qg (5)5 Z Haaz (4)i
=1

01E€ESm j=1 02ES}

=det Adet B O

Lemma 3.17. Let A = (a;j) be an n x n matrix. Write Ag; for the (n—1)x(n-1)
matrix obtained from A by deleting row ¢ and column j.
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(i) For fixed j, det A =>""  (—1)"a;; det(A=).

’fj

(ii) For fixed i, det A = 2?21(—1)i+jaij det(Az).

Proof.
det A = d(AW, ..., AM)
" L 1 =«
i+j—2
= ai;(-1) d<0 Aﬁ)
i=1 v
n .
= ( 1)Z+]aij detAZf\j,
=1
using Lemma 3.16. ]

Remark. This can be used as a definition of determinant.

Definition. Let A € M, (F). The adjugate adj A is the n x n matrix with (,j) entry
equal to (—1)¥*J det A

Theorem 3.18. (i) (adjA)A = (det A)I.

(i) If A is invertible then A™' = .2 adj A.

Proof. (i) By Lemma 3.17,
det A = Z(adj A)jiay; = (adj A - A)jj.
i=1
Also, for j < k,

0=det(AM, ... AW AR A0

= Z(adj A)jiaik
=1
= (adJ A- A)]k

(ii) If A is invertible, then det A # 0, so ﬁade - A = I and hence we deduce
A7l = detA adj A. O

Consider the system of linear equations Ax = b with m equations and n unknowns.
Here A is an m X n matrix, b is a column vector in F". This has a solution if rank A =
rank( A|b). The solution is unique if and only if n = rank A = rank(A|b), then the
solution is x = A~'b. To solve this equation, use Gaussian elimination. In the case
m = n, there is another method.

Lemma 3.19 (Cramer’s rule). If A € M,(F) is non-singular then Ax = b has z =
(w1, .., 2,)T with 2; = ﬁ det A;, for i = 1,...,n as its unique solution, where A;, is
the matrix obtained from A by deleting column i and inserting b.
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Proof. Assume z is the solution of Az = b. Then
det A;, = det(AW, ... AT b AGFD oA
= ajdet(AW, ., AETD AW AUFD ALy
j=1
= x; det A,
soxi:ﬁdet/l;bforizl,...,n. O

Corollary 3.20. If A € M,,(Z) with det A = +1 and if b € Z" then we can solve Az = b
over Z.






Chapter 4

Endomorphisms, matrices, eigenvectors

In this chapter, unless stated otherwise we assume V' is a vector space over F, where F
isRorC, and a: V — V is a linear map.

Definition. Let o« € End(V). « is diagonalisable if there is a basis B of V' such that
[a] g is diagonal, i.e. whenever i # j then a;; = 0. « is triangulisable if there is a basis B
of V such that [a]p is upper triangular, i.e. whenever i > j then a;; = 0.

A square matrix is diagonalisable (resp. triangulisable) if it is conjugate to a diagonal

(resp. upper triangular) matrix.

Definition. Let @ € End(V). Then A € F is an eigenvalue of « if there exists a vector
v € V with v # 0 and a(v) = Av. v is then called an eigenvector corresponding to A.

Remark. X is an eigenvalue of « if and only if o — A¢ is singular, or det(a — A¢) = 0,
equivalently. In particular, A = 0 is an eigenvalue if and only if « is singular.

Definition. The polynomial y,(t) = det(a — ti) is the characteristic polynomial of a.
It is a polynomial of degree n =dim V. If A € M, (F), xa(t) = det(A — tI).

Remark. Eigenvalues of « are precisely the roots of the characteristic polynomial. For a
matrix A, X is an eigenvalue of A if y4(\) =0 and v € F" is a corresponding eigenvector
if v#0and Av = dv.

Lemma 4.1. Conjugate matrices have the same characteristic polynomial and hence
the same eigenvalues.

Proof.
Xp-14p(t) = det(P7LAP — tI)
= det P~ det(A — tI)det P
= XA(t)- O

Remark. The matrix ((1) %) is not diagonalisable. The only diagonal 2 x 2 matrix with
eigenvalues 1,1 is I, but this is self-conjugate.

Recall that every polynomial of degree at least 1 over C has a root (and hence in fact
n roots, counting with multiplicities).

Lemma 4.2. If V is a finite dimensional vector space over C and « € End(V') then «
has an eigenvector in V.
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Theorem 4.3. Let V be a finite dimensional vector space over C and let o € End(V).
There exists a basis B of V' such that [a]p is upper triangular. In other words, there
exists a basis B = {v1,...,v,} with a(vj) € (v1,...,v;) foreach j =1,...,n.

Proof. We prove this by induction on n. It is clear if n = 1, so assume n > 1. Since
V is a vector space over C, there exists A € C such that o — A\¢ is singular. Consider
U =Im(a—At) SV, where we know U is a proper subspace by the rank-nullity theorem.
Then o(U) C U.

aU)=a((a=A)(V))=(a—\)(aV) < (a—\)(V)=U.

Consider o/ = a|; : U — U. This is a linear map and dimU < dim V. By induction,
there exists a basis B’ = {vy,...,v;} of U with A" = [&/]p upper triangular. Extend
this to a basis B = {v1,...,0,...,v,} of V. We claim [a]p is upper triangular. In fact,

] 5 = A x

“E=\o0 A1)

If 1 <j <k, a(vj) =ad(v;) €U, so the entries in the first k£ columns are as claimed. If
Jj >k, (o — At)(v;) € U by definition of U, so a(v;) = Av; + u for some u € U, so the

first k entries of column j are the coordinates of u with respect to B’ and the only other
non-zero entry is A in the position (j, 7). O

Proof. Let v; be an eigenvector of «, say a(v1) = Av;. Let U be any complementary
subspace to (v1) in V. For v € V we have v = \yv; +u with u € U unique, A, € F. Write
7(v) = u, a projection from V to U. For w € U define & : U — U by a(u) = n(a(u)).
Then & € End(U). By induction, there is a basis va, . .., v, of U with &(v;) € (v2,...,v;)
for 2 < j <n. Then a(v;) = Ag(v;)vj + &(v5) € (v1,...,v;) and a(v1) € (v1). O

Theorem 4.4. Every square matrix over C is conjugate to an upper triangular matrix.
Remark. This is not true over R, e.g. rotations other than +I on R2.

Theorem 4.5. Let V be a finite dimensional vector space over a field F and let a €
End(V). There exists a basis B of V such that [o]p is upper triangular if and only if
Xo factorises into linear factors, i.e. if and only all roots of x, are in F.

Proof. If

[a]p =
0 Gnn
then Xa(t) — (all _ t) - (ann — t) with Qg5 cF.

We prove the converse by induction on dimy V. Let A be an eigenvalue in F, let U =
(a=A)(V). Then a(U) <U s V. Let &/ = «f; € End(U). Let B’ be any basis for U
and extend this to a basis B of V. Then

alo = (9" )

Now xa(t) = Xo (t)xa1(t). It follows that all roots of x lie in IF, so we can use induction.
Replace B’ is necessary so that [o/] g/ is upper triangular. O



25

Remark (See Examples Sheet 3). Let o € End(V') and asume U SV with o(U) < U.
Let B’ = {v1,...,v;} be a basis of U and extend this to a basis B = {v1,...,vg,..., 0}
of V.Let V=V/U, v =v+U forveV. Then B = {¥y1,...,0,} is a basis of V. We
can define o/ = al;; € End(U) and @ : V — V,9 + a(v), a well-defined endomorphism

of V. Then
o= (" a1y

Note that also xo = Xo/ * Xa&-

Remark. Let V be a finite dimensional vector space over F, « € End(V') and B a basis
for V. Then [a]p is diagonal if and only if B consists of eigenvectors of c.

Lemma 4.6. If o € End(V) and Aq,...,\; are distinct eigenvalues of a, put V; =
N(a—Aji), called the eigenspace of ;. Then the sum Vi +---+V}, is direct, so if Bj is a
basis for V; then U§:1 Bj is a basis of V1 +---+V}. In particular, if Z?:l dimV; = dimV
then [a]p is diagonal and V =V, & --- & V4.

Proof. We need to show that if v1+...+v; = 0 with v; € Vj thenv; =0for j =1,... k.
Suppose not and let

v+ v =0
be the shortest non-trivial expression. Apply « and subtract A; times the above expres-
sion,
a(vy) + - +av;) — Aoy — - — Av; =0
<~ ()\2 — )\1)1)2 R ()\j — )\1)vj =0,

which is a shorter non-trivial expression, contradiction. So Y V; = @V;. The rest
follows by Lemma 1.15. O

Theorem 4.7. Let V be a vector space over F of finite dimension. Then o € End(V)
is diagonalisable over F if and only if its minimal polynomial has distinct linear factors.

Proof. If

[alp = .
0 Ak
with A1,..., \; distinct, put p(t)

I <k.So (MNt—a)v=0,so p(a)v)
is zero on B.

H§:1()‘j —t). If v € B then «a(v) = A\ for some
= 0. But then p(«) is the 0 endomorphism since it

We need to show that each v € V is a sum of eigenvectors, the rest then follows from
Lemma 4.6. Write p(t) = ij:l()\j —t) with Aq, ..., Ag distinct. Put

pi(t) = (A =1) - (Ajo1 = (A1 =) - (A = 1)
p;(t)

hilt) = pi(Aj)
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then hj(\;) = d0;; for all 1 < 4,5 < k. Hence h(t) = Z?Zl hj(t) = 1 as h(t) — 1 has

degree less than k£ and Aq, ..., A\; are k distinct roots. Let v € V. Then
k
v=1(v) = h(a)(v) =Y hj(a)(v) =) v,
j=1

where v; = hj(a)(v). Note that (o — Aj¢)v; = 0 since p(a) = 0, so v; is an eigenvector
of a corresponding to A;. Hence every v € V' is a sum of eigenvectors, and the assertion
follows from Lemma 4.6. (The hj(a) are orthogonal projections, see Examples Sheet 2
Question 8. For another proof, see Examples Sheet 2 Question 13.) O

Remark. Let A € M, (F). Then P~'AP is diagonal for some P if and only if p(A4) = 0
for some polynomial p € F[t] with distinct linear factors. To find P, consider

dy 0
P'AP=D= ,
0 dy,
AP =PD
APU) — djp(j)
so the jth column of P is an eigenvector of A corresponding to the eigenvalue d;.

Theorem 4.8 (Simultaneous diagonalisation). Let a1, s € End(V'). If they are both
diagonalisable and if s = sy then they are simultaneously diagonalisable, i.e. there
exists a basis B of V' such that [a1]p, [a2]p are diagonal.

Proof. We have V = V1@ --®V}, where each Vj is an eigenspace of oy, say, o (vj) = Ajv;
for v; € V;. Then ao(V;) C V;. If v € Vj, aq(a2(v)) = az(aq(v)) = az(Ajv) = Ajas(v)
so ap(v) € V;. Now 0‘2|V]- is diagonalisable by Lemma 4.6, so there exists a basis B; of
V; consisting of eigenvectors of ag, which are also eigenvectors of a1, of course. Putting
these bases together gives a basis B consisting of eigenvectors of both «; and as. O

Remark. (i) The condition is necessary.

(ii) In fact, the statement is true for any number of commuting endomorphisms.
For a polynomial p(t) € FJt],
p(t) = apt™ + -+ a1t +ap

where a; € F for 0 < i < n. For p(t), q(t) € F[t], addition and multiplication in F[¢] are
defined as follows.

p(t) = ant"” + -+ a1t + ap
q(t):bmtm+"'+blt+bo

Assuming m < n,

(p+a)(t) = ant™ + -+ (am + b))t + -+ + (a1 + b1)t + (ao + bo)
(pQ) (t) = anbmthrm + -+ (albo + aobl)t + agbg
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The degree degp of a polynomial p is the greatest [ with a; # 0 (and it is —oo if p is the
0 polynomial). Note that degpg = degp + degq.

There is a Euclidean algorithm in F[t]. Given a,b € F[t] with b # 0, there exists
q,r € F[t] such that a = bg + r with degr < degb or r = 0. For, if a = a,t" + --- + ao,
b= bnt™+ -+ by with b,, # 0, we may assume n > m as otherwise we can take ¢ = 0,
7 = a. Replace a by @' = a — §=¢"~"b, then dega’ < dega, so now we have a’ = bg' +r
for some ¢/, with degr < degb. Now take q = g—;t”_mq’ and keep repeating.

This has nice consequences, for example, F[t] has the unique factorisation property.

If p € F[t] and X € FF is a root, so p(A) = 0, there exists ¢ € F[t] with p(t) = (A —t)q(?).
A is a root of p with multiplicity e if (A — ¢)¢ divides p but (A — ¢)¢*! does not.

A polynomial of degree n has at most n roots counted with multiplicities.

If polynomials py, py of degree less than n have n points in common then they are equal.
Lemma 4.9. (i) If p,q € F[t], « € End(V) then p(a)q(a) = q(a)p(a).
(i) If a(v) = Av, p € F[t] then p(a)(v) = p(M)v.

Lemma 4.10. Let V be a finite dimensional vector space over IF with dim V' = n and let
a € End(V). There exists a non-zero polynomial p of degree at most n? with p(a) = 0.

Proof. We have dim End(V) = n?, so there exist a,2,...,a1,a9 € F not all zero so that
anzoz”2 + anz,la”Q_l +--+aa+ape =0
as any n?+1 endomorphisms are linearly dependent. Put p(t) = a,,2 "4 darttag. O

Definition. Let a € End(V). The minimal polynomial m,, of a is the monic polynomial
of minimal degree such that mq(a) = 0.

Lemma 4.11. If @ € End(V) and p € F[t] with p(a) = 0, then m,, divides p.

Proof. F[t] is a Euclidean domain so we can write p = mqq + r with ¢, € F[t] and
degr < degmg or r = 0. But p(a) = 0 = mu(a) so () = 0, so r = 0 by the
minimality of degmy,. O

Corollary 4.12. The minimal polynomial is unique.

Theorem 4.13 (Caley-Hamilton). Let V be a vector space of finite dimension, let
a € End(V). Then x,(a) = 0.

Theorem 4.14. Let A € M, (F). Then xa(A) = 0.
Proof. Let A € M,,(F). Then
(=1)"xa(t) =" + an_1t" "t 4 -+ ayt +ag = det(t] — A)

Now for any matrix B and its adjugate, B -adj B = (det B)I. Hence as adj(t] — A) is a
matrix of polynomials with matrix coefficients of degree less than n,

(tI — A)(Bp_1t" "' + - + Byt + By) = (tI — A) adj(tI — A)
= (t" + ap_1t" + -+ art +ag)l
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=It" + an_lftn_l + -4 a1 lt +apl
Comparing coefficients,

I= Bn—l
an—11 = B,_2 — AB,_

CL1[ = B(] — ABl
a()I = —ABO

Pre-multiply the jth row by A"~ and add all rows,
A"+ an_lAn_l +--a1A+apl =0,

the zero matrix. O

Proof (over C). Let a € End(V), let B = {v1,...,v,} be a basis of V with a(v;) €
(vi,...,v;) = Uj. Hence

A1 *

lalp =

Xa(t) = (A1 =) (An — 1)
Then (o — A\je)U; C Uj—;. Hence
(= A1e) -+ (= Ap—1t) (a0 — M)V
Cla— A1)+ (= A1) Up—1
cC---
C(Oz—)\lL)Ul =0. O
Corollary 4.15. m, divides xq.

Lemma 4.16. Let V be a vector space over C with dim V' = n. We have
k
Xa(t) = [ [t = Aj)%
j=1

with A1,..., A all distinct eigenvalues of . Here a; is the algebraic multiplicity of A;.
Then 2521 aj =mn.

Lemma 4.17. m,(t) = H?Zl(t — \j)% for some e; with 1 <e; <a; for1 <j<k.
Proof. mq divides xq, so e; < a; for 1 < j < k. If X is an eigenvalue, a(v) = Av with
v # 0, then 0 = mgy(@)v = m(A)v, and as v # 0 we have mq(\) =0, so (t — A) divides
M (t). O

Theorem 4.18. Let V' be a vector space over F of finite dimension, let o € End(V).
Suppose « has distinct eigenvalues A1, ..., A\x. Then « is diagonalisable if and only if

ma(t) = [T (t = A;)-
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Proof. « is diagonalisable if and only if p(a) = 0 for some polynomial with distinct
linear factors if and only if m, is the product of distinct linear factors if and only if

k
ma(t) = =i (t = ). -
Lemma 4.19. Let V be a finite dimensional vector space, a € End(V) and suppose
A1, ..., A, are the distinct eigenvalues of . Then the \j-eigenspace is N(a—Aj¢). Define

the geometric multiplicity of A; to be g; = dim N(a — Aj¢). Then 1 < g; < a;. (Note «
is diagonalisable if and only if a; = g; for all 1 < j <.

Proof. Since A; is an eigenvalue we have 1 < g;. Let B be a basis containing vy, ..., vg;

a basis of N(a — Ajt). Then
Ail,. %
[a]p = < ]Ogj 4/>

50 Xa(t) = (A —t)% xa(t), so g; < aj. O

Remark. If y4(t) = (=1)"" + ap_1t" ' + --- + ap then a9 = det A and a, 1 =
(=) Ltr A

Consider a finite dimensional vector space V over C and linear maps in End(V'). We have
seen the diagonal form, but not all matrices are conjugate to such, and the triangular
form, but this is not quite sparse enough, i.e. it is not visible whether two matrices
in this form are conjugate. We now describe the Jordan Normal Form, which contains
eigenvalues along the diagonal, only the entries 0 or 1 just above the diagonal and entries
0 elsewhere.

Define a Jordan block J(s,\) as follows.

A1 0

J(s,\) =
1
0 A

Then the characteristic polynomial of J(s,A) is (A — t)°, the minimal polynomial is
(A —t)® and the dimension of the A-eigenspace is 1.

Theorem 4.20. Suppose V is a vector space over C, let a« € End(V'). With resepect to
some basis B, the matrix A = [ap is in JNF, it is of block diagonal form as follows.

B; 0
A= )
0 B
There is one a; x a;j block B; for each eigenvalue \; where 1 < j < k. Now fix A = A;.
The corresponding block Bj has block diagonal form

Ci 0

0 Cm
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where m = m; and each C; = J(n;, \) with
nyZmng >Ny >0
ny+ng+--+nyp =0
a partition of a;.
Remark. a; = >/ n;, g; = mj, e; = ny.
Theorem 4.21. Every square matrix over C is conjugate to a matrix in JNF, and this
is unique up to rearranging the Ay, ..., .

Proof. See Groups, Rings € Modules. O

Firstly, we break up V into generalised eigenspaces W; = N(a — Aju)%. Then V =
@?:1 W; and taking a basis B = U§:1 Bj, where Bj; is a basis for W}, we obtain

B 0
[a]p = -
0 By
Setting p;(t) = (Aj—t)™% H,]le(/\r—t)‘”, there exist polynomials ¢; with Z?:l pig; =1
and then W; = Im(h;(c)).
Secondly, note that a(W;) C W;j, so we may restrict to WW; and a]Wj € End(Wj).

Writing A = Aj, V. = Wj and n = a;, we have (o — A\¢)" = 0, so o — A¢ is a nilpotent
endomorphism. Now break V into cyclic blocks to obtain

A 0
1
0 1 A
The final vector of the basis is a A-eigenvector. In fact, if vy, ..., v, is the corresponding

part of the basis, then under a— A¢, v1 — v9 — ... — vy, — 0. (To obtain the transpose
form of the Jordan block, take these vectors in the order order.)

Example. We list all possible Jordan Normal Forms in the case of n = 3 along with
their respective characteristic and minimal polynomials.

A A1 A
)\2 )\2 1 )\2
A3 A2 A2

char. (A —t) (A2 —t) (N3 — 1) (A —t)(Ag — 1)? (A —t)(Ng — 1)?

min. M -0 - —1) M-t —1)2 -t —1)
A A1 A1
A A Al
A A\ A

char. (A —1)? (A —1)3 (A —1)?
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Example. In the case of n = 4, consider matrices with characteristic polynomial (A—t)*.
The partitionsof 4 are4 =3+1=24+2=2+4+1+4+1=1+4+1+41+1. Hence the following
matrices are possible.

Al Al Al
Al Al A
Al A Al
A A A
min. (A —1t)* (A —1t)? (A —1)?
Al A
A A
A A
A A
min. (A —1)? A—t
In fact, n((a — A¢)") for various r will distinguish.
Example. Consider
200 O
3 2 0 -2
A= 002 O
00 2 2
then x4(t) = (2 — t)* and
0 00 O 00 0 O
3 0 0 -2 s |0 0 —4 0
A=2=10 00 o A=207=14 0 0 o
002 O 00 0 O

The minimal polynomial of A is m(t) = (2 —t)3 and n(A — 2I) = 2. Hence the Jordan
Normal Form of A is

2100
0210
INE = 0020
0 0 0 2

To find a Jordan basis, take v3 ¢ ker(A — 2I)2, e.g. v3 = (0,0,1,0)T. Under A — 21,

0 0 0
0 0 —4

vs=1 =]y un=|, — 0.
0 2 0

Take vy to be another eigenvector, e.g. vy = (2,0,0,3)7.






Chapter 5

Dual spaces

Definition. Let V be a finite dimensional vector space over F. Then V* = L(V|F) is
the dual of V. The vectors of V* are the linear functionals on V.

Lemma 5.1. Let V be a vector space over F, let B = {e1,...,en} be a basis of V.
Then B* = {e1,...,en} is the basis of V* dual to B, where €;(e) = 0.

Proof. 1f 377 1 Ajej = 0 then for all k= 1,...,n we have Ay = (3_7_; Ajej)(ex) =0, so

B* is independent. If € € V* then € = 2?21 e(ej)ej, so B* spans V™. O
Remark. If e = 0 aje;, v =37 zje;, then
n T
e(v) = Zajxj =(a1 ... ap)
j=1 T,

So we can think of the dual of F” as the space pf n-rows.

Definition. If U < V' let U° ={e € V* : e(u) = 0 Vu € U}. U°® is the annihilator of U
in V*.

Lemma 5.2. (i) If U <V then U° < V™.

(ii) If U < V then dim U + dim U°® = dim V.

Proof. (i) This is clear.

(ii) Let U <V, let eq,..., e, be a basis for U, let B = {ej,...,eg,...,e,} be a basis

for V. We claim U°® = (gg41,...,&p), where €1, ..., e, is the basis of V* dual to B.
If i > k then €;(e;) = 0 for j <k, s0¢; € U°. If ¢ € U° then ¢ = 77, Aje; and
then for j < k we have \j =¢(e;) =0, 50 € € (€41, .--,n)- O

Lemma 5.3. Let U,V be vector spaces over F, let U = V be a linear map. Then the

map V* LNy given by a*(¢) = e o« for € € V* is linear, it is the dual of a.
Proof. Certainly e o« : U — F is linear, so o* € U*. If 61,65 € V* then

a*(01+02) = (91+92)OC¥
=fioa+bron
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= a*(h) +a*(62)
anfif A € F, 6§ € V* then
a* (M) = (M) oax = A(B o) = Aa™(0). O

Proposition 5.4. Let U,V be vector spaces over I of finite dimension. Let B,C be
their bases, let B*, C* be bases of U*,V* dual to B,C. Let o € L(U,V) and let
a* € L(U*,V*) be its dual. Then [a*]c+ g+ = [Oz]g’c.

Proof. Let B = {b1,...,bp}, C = {ci,...,¢cpn} and B* = {f1,...,0.}, C* =
{7,...,ym} Let A=[a]pc so that a(bj) = > ", a;jc;. Then

o™ () (bs) = yr(cu(bs))

= E azs’)/r Cz

n
R
= Qs
(Z M) 5)

forall s=1,...,n, 50 a*(y) = Y1, a3 and hence [a*]c+ g = AT. O

Corollary 5.5. We have deta* = det @, Xor = Xa, Ma+* = Mq since det AT = det A
and p(AT) = p(A)T for any polynomial p.

Lemma 5.6. Let U,V be vector spaces over F of finite dimension. Let aw € L(U,V),
let a* € L(V*,U") its dual. Then ker o* = (Im«)°. In particular, o* is injective if and
only if « is surjective.

Proof. Let ¢ € V*. Then ¢ € ker o* iff a*(g) is the zero functional on U iff € o « is the

zero functional on U iff ¢ € Im(«)°. In particular, o* is injective iff ker o* = {0} iff

(Ima)° = {0} iff Ina = V iff « is surjective. O
Corollary 5.7. If « € L(U,V), then rank o = ranka*. If A € M,, »(F), then rank A =

rank AT

Proof.
rank o = dim V* — n(a®)
=dimV — dim(Im «)°
=dimV — (dimV — dimIm «
=rank o

Note this gives an algebraic proof of the equality between the column rank and the row
rank of a matrix. O
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Lemma 5.8. We also have Im a* = (ker a)°.

Remark. The map V* x V — F, (e,v) — e(v) is bilinear. Denote this by (e|v). If
UV, V25 U* then

(@ (e)|u) = (ela(u))
forallu e U, e € V*. We have amap " : V — V** v — 0, 0(e) = e(v).

Theorem 5.9. If V is finite dimensional over F, the map ~ : V — V** v — 0 with
0(e) = e(v) is an isomorphism.

Proof. Since v : V* — F is linear, " is linear.

()\11)1 + )\22}2)(8) = 6()\1’01 + )\21)2) = )\16(1)1) + )\26(1}2)
= )\1’[}1(6) + )\2172(6)
= (M101 + Aai2)(e)
for all e € V*. " is injective (and hence surjective since V' is finite dimensional and

dimV =dim V**). If e; # 0,e7 € V, let eq,...,e, be a basis for V, let €1,...,e, be the
basis of V* dual to this. Then é;(e1) =¢€1(e1) =1, s0 é1 # 0. O

Remark. This is a natural isomorphism, it is independent of the bases.

Remark. If ¢1,...,¢e, is a basis of V*, and F1, ..., E, is the basis of V** dual to this,
then E; = é; for a unique e; € V and €1,...,¢, is the basis of V* dual to the basis
€1,...,en of V.

Lemma 5.10. Let V be finite dimensional, let U < V. If we identify V and V**, then

U = U°°. (More precisely, U = U°°.)

Proof. We first show U < U®°. If u € U then e(u) = 0 for all ¢ € U°, and hence 4(¢) =0
for all e € U°, whence u € U°°. As also dimU = dim U°°, it follows that U = U°°. O

Lemma 5.11. If Uy,Us <V where dim V is finite then

(i) (U1 +Uy)° =U7NUg;
(ii) (U1 NUy)° =Uy +Us.
Remark. The situation is different when V is not of finite dimension. Consider V =

P(R), the space of real polynomials. Then V* = RN, the space of real sequences,
which is not isomorphism to P(R) = (po,p1,...). Any element £ € V* can be given as

(e(po),e(p1),---).
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Bilinear forms

Definition. Let U,V be vector spaces over F. The function ¢ : U x V — F is bilinear
if it is linear in each coordinate. For fixed u € U, 9(u,v) is linear in v, and for fixed
v € V, ¥(u,v) is linear in u. (Here we are mainly concerned with the case U = V and
bilinear forms on V.)

Example. (i) F=R, V =R", ¢(z,y) =Y 1, ziyi = 2T y.
(ii) V =TF", A € M,(F), ¥(u,v) = ul Av.

Definition. Let V' be a vector space over F with dim V' = n. Let B = {v1,...,v,}
be a basis of V. The matrix of the bilinear form ¥ on V with respect to B is A =

(Y (vi,v5)) = [¢]B.

Lemma 6.1. If ¢ is a bilinear form on V and B is a basis for V, then ¢ (u,v) =
[u]E[Y)[v]p for all u,v € V.

Proof. Let B = {v1,...,op}. fu=>"" ajv;, v=>., bjv;, then
Y(u,0) =D ai, Y bjvy)
= aibj(vi, v5)
i,J

by
:(a1 an)W]B

Moreover, [¢]p is the only matrix for which this holds for all u,v € V. If ¥(u,v)
[u]£ Av] g for all u,v € V, apply this for u = v;, v = v; to obtain A;; = ¥ (v;, v;).

Ol

Let B = {v1,...,vn}, B = {v],..., v} be bases for V and let P be the change of basis
matrix from B to B’. Then

U;- = Zpij’ui [’U]B = P[U]B/
=1

Theorem 6.2. [¢)]z = PT[y]|pP.
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Proof. For all u,v eV,

so [¢]p = PT[¢]gP by uniqueness of [¢]p. O

Definition. The real square matrices A, B are congruent if B = PT AP for some in-
vertible matrix P (i.e. if they represent the same bilinear form with respect to different
bases).

Lemma 6.3. Congruence is an equivalence relation on M, (R).

Definition. The rank of a bilinear form is the rank of any matrix representing it. (This
is independent of the choice of basis.)

Definition. The real bilinear form 1 is symmetric if ¢ (u,v) = (v, u) for all u,v € V.
This is equivalent to A = [¢] g being symmetric, i.e. A = AT,

Remark. If PTAP = D for some non-singular P then A = AT .

Definition. Let V' be a real vector space. The function @) : V' — R is a quadratic form
on V if Q(\v) = A2Q(v) for all A € R,v € V, and there exist a symmetric bilinear form
1 on V so that Q(v) + Q(w) + 2¢ (v, w) = Q(v + w) for all v,w € V.

We can start with a symmetric bilinear form ¢ and define Q(v) = ¥ (v,v). Conversely,
we can start with a quadratic form @ and let (v, w) = (Q(v + w) — Q(v) — Q(w)).

Theorem 6.4. Any real symmetric bilinear form can be represented by a diagonal
matrix of the form
I, 0
~I,
0 0

Any real symmetric matrix is congruent to a diagonal matrix of this form.

Proof. First we prove by induction on dim V' = n that any symmetric bilinear form can
be represented by a diagonal matrix. If ¢ (u,v) = 0 for all u,v € V then [¢)]p = 0 for
any basis B. Suppose this is not the case. Then there exists e € V with (e, e) # 0.
(Otherwise 2¢(u,v) = Y(u + v,u 4+ v) — Y(u,u) — P(v,v) is 0 for all u,v € V.) Let
W={veV:¢(ev)=0} Then V= (e) ®W. (If v € V then v = Ae + (v — Ae) for
all A € R. Choose X so that v — Xe € W, by taking A = ﬁzzg Observe (e) NW = {0}
since (e, Ae) # 0 for A # 0.) Now the restriction ¢’ of ¢ to W is a symmetric bilinear
form, so by induction, there exists a basis e, ..., e, of W with respect to which 1 is
diagonal, say the matrix representing 1’ is

do 0
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Let By = {e1,e€2,...,e,} where e; = e. Then [¢)]p, is
d 0 0
0 do
0 dn

where d; = (e, e). This completes the diagonalisation part of the proof.

Now reorder By if necessary so that d,...,d, >0, dpt1,...,dprq <0 and d; = 0 for all
i >p+q. Now for 1 <i <p+ q replace e; by ﬁei to obtain B. Then

Remark. Note that ranky = p+gq.
Definition. The signature of ¢ is s(¢) = p — q.

Remark. We have p = 1(r + s), ¢ = 3(r — s). Note that some authors call (p,q) the
signature.

Theorem 6.5 (Sylvester’s law of inertia). If the real symmetric bilinear form 1 is
represented by

1, 0 Ip/ 0
-1, —1y
0 0 0 0

with respect to different bases then p = p/, ¢ = ¢’ and so the rank and signature are
well-defined.

Proof. Let B ={v1,...,Vp,Upt1,- -, Uptq> Uptqtls---,Un} With
I, 0
[w]B = _Iq
0 0

Let X = (v1,...,vp), Y = (Upt1,...,0n). We show that ¢ is positive definite on X and
that p is the largest dimension of any subspace of V on which v is positive definite.
QP Nivi) = 3P A2 > 0 with equality if and only if Y2, \jv; = 0, so ¢ is positive
definite on X. If X’ < V with dim X’ = p’ and ¢ is positive definite on X’ then
X'NY = {0} as v is negative semidefinite on Y. Hence dim X' + dimY < n. So
p=dimX <n-—dimY = p.

Similarly, if N = (vp41,...,Uptq) then ¢ is negative definite on N and ¢ is the largest
dimension of a subspace of V' on which 1 is negative definite.

Hence p and ¢ are independent of the choice of basis. ]

Remark. p is determined by ), but there may be many subspaces like X of dimension
p, on which 1) is positive definite. (Similarly for ¢ and N.)
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Remark. Let ¢ = min{p,q}. Then the restriction of ¢ to the subspace (v; +
Uptls - Ut + Uptts Upgils - - -, Up) 18 0, and n — max{p, ¢} is the maximal dimension
of any subspace on which ¢ is 0. Foris¢p =0on U <V then UNX = {0} =UNN,
so dimU <n —pand dimU <n —gq.

Definition. The kernel of ¢ is {v € V : ¢(v,w) = 0 Vw € V}. In the above, kery =
<'Up+q+1, ces ,’Un>.

Definition. The real symmetric bilinear form 1 is non-singular if ker¢» = {0}. Equiv-
alently, [¢)]p with respect to any basis B is non-singular. Also equivalently, n = p + q.

Example. Consider the quadratic form @ on V = R? where
Q(z1,z2,x3) = x% + .I'% + 2:1;% 4 2129 + 27123 — 2T9T3.

The matrix of Q with respect to the standard basis is

(i) (Completing squares.)

Q(x1,x9,23) = x% + m% + 2m§ + 22129 + 22123 — 22973
= (z1 + 23 +23)* + $§ — 4xox3

= (xl + 9 + 1‘3)2 + (xg — 2132)2 — (2x2)2

Hence rank(Q) =3, s(Q) =2—1=1. Also

1 1 1 10 0
Plt=10 -2 1 PfaAP=10 1 0
0 2 0 00 —1

(ii) (Elementary matrices.) We want P invertible such that PT AP is diagonal. Apply
elementary column operations followed immediately by the corresponding elemen-
tary row operation. Then

A—ETAE, — ... - El .. .ETAE,---E, =D
whereP:E1-~Ek.

(iii) (From the proof of Theorem 6.4.) Choose e; with Q(e1) # 0, e.g. e; = (1,0,0)%,
Qe1) = 1. Set W = {v € V : ¢(e,v) = 0} = {(a,b,c)’ : a+ b+ c = 0}. Note
el'A = (1,1,1). Choose ez € W with Q(e2) # 0, e.g. e2 = (1,0, 1), Q(e2) = 1.
Now choose e3 € W so that 9(ez,e3) = 0 s0 e3 = (a,b,¢)? with a +b+ ¢ = 0,
2b—c=0and el A=(0,2,-1), 50 e3 = %(—3, L,2)T, Qe3) = —1.

(iv) (See Chapter 7.) We shall see that s(Q) is the difference of the number of positive
eigenvalues and the number of negative eigenvalues.
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Now consider bilinear symmetric forms over C. As before in Theorem 6.4, there exists

a basis ey, ..., e, such that the matrix representing 1 with respect to this basis is
dy 0
0 dp,

Reorder this basis so that dy,...,d, # 0 and d; = 0 for all i > r. To normalise, replace
ej by ﬁej for 1 < j <r. Then the matrix representing 1 is
J

I, 0

0 0/
Lemma 6.6. Any symmetric complex matrix satisfies PT AP = (
ible matrix P. We have rank A = r.

I

0 .
¢ 0) for some invert-

Definition. Let V be a complex vector space. A complex Hermitian form on V is a
function ¥ : V x V — C such that

(i) for w € V, the function v — 9 (u,v) is linear;
(i) for all u,v € V, ¥(u,v) = ¥ (v, u).
Remark. Note that i is not bilinear, it is sesquilinear, i.e.
P(u, Ao + A2v2) = Atp(u, v1) + Ay (u, v2)
Y(Aur + Az, v) = Ay (ur,v) + Aot (uz,v)
and complex-symmetric, i.e. ¥(u,v) = (v, u).

Example. Inner products of complex inner product spaces are complex Hermitian
forms, see Chapter 7.

Remark. Given a complex Hermitian form v on V', we can define a complex quadratic
form @ : V — C, Q(v) = ¢(v,v). Note that Q(v) € R for all v € V. Here we have
Q(A\v) = |[v]?Q(v). we can recover 9 as follows.

Y(u,v) = $(Qu+v) = Q(u— v) —iQ(u+ ) +iQ(u — iv))

If B = {vi,...,u,} is a basis of V, the matrix of ¢ with respect to B is [¢]p =

((vi,v;)) = A. Then $(u,v) = [¢]5[¢]p[o]p. Note that A = AT, the matrix is
Hermitian. Finally, a change of basis results in the matrix PT AP with a non-singular
matrix P, the change of basis matrix.

Theorem 6.7. If ¢ is a Hermitian form on a complex vector space V', there is a basis
B of V with respect to which 1 has diagonal matrix

I, 0
_ Iq
0 0

Moreover, p and ¢ are uniquely determinend by v, independent of B. So if the basis is
v1,...,U, then

QO _&v) =&l + -+ 161 — 1§ =+ — |&pral”
i=1
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Proof. We can prove this as before for Theorem 6.4 and Theorem 6.5. O
Definition. v is positive definite (on V) if p = n.

Remark. The bilinear forms we have considered were mainly symmetric. The next
important class are skew-symmetric bilinear forms satisfying ¢ (u,v) = —¢(v, u) for all
u,v € V and hence ¥(u,u) = 0 for all u € V. If A = [)|p for some basis B of V' then
AT = — A, and A is called skew-symmetric.

Remark. Any real matrix A can be expressed as the sum of a symmetric and skew-
symmetric matrix,

1 1
A= 5(A+AT) +5(A- AT)
Theorem 6.8. If v is a skew-symmetric bilinear form on a real vector space V, there
exists a basis vy, w1, ..., Um, Wm, V2m+1,-- ., Un With respect to which 1 has the block
diagonal matrix
0 1 0
-1 0
0 1
-1 0
0
0 0

Any skew-symmetric matrix is congruent to a matrix of this form.

Proof (Sketch). Prove this by induction on dimV = n. If ¢ = 0 the result is clear.
Otherwise take vy, w; so that i (v1,w1) = 1, so also ¥ (wy,v1) = —1. Let U = (v1,w1),
W =Av eV :¢,v) =0=w,v)}. Then V=U@W. If v = (avy + bwy) +
(v —avy — bw) take a = P(v,w1),b = (Y(v1,v) to obtain v — avy —bw; € W. Also
UNW = {0} since if avy +bw; € W then 1 (avy + bwy, avy — bwy) = a® + b%. Now finish
by working in W. O

Remark. (i) If ¢ is non-singular skew-symmetric, then n = 2m.

(ii) Reordering the basis B as v1,...,Um, W1, ..., W, V2m+1, - - - s Un, We Obtain
0 I, O
—I, 0 0
0 0 0

Remark (*). Here are some remarks on general bilinear forms on U x V| where U,V
are vector spaces over the same field F. We assume ¢ : U x V — F is linear in each
coordinate. Examples include

i) U=V* ¢ :V*xV =T, (a,0) — a(v);

(ii) F = C, define V to be the space with elements as V', addition as in V' and mul-
tiplication - by A -v = Av. (Then sesquilinear forms are just bilinear forms on
VxV)
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Suppose ¥ : U x V — F is bilinear. Define

Yr U = Ve () o $(,v))
Yr:V = U0 (Yr(v) :u = (u,0)
1 is said to be non-singular if ker ¢y, = {0}, kerv)g = {0}. Note that
(i) if ¢ is non-singular then dimU = dimV for dimU < V* = dimV, dimV <
dimU* = dimU;
(i) if dimU = dim V, then kervy = {0} if and only if ker ¢op = {0}.

If 4 is a bilinear non-singular form on U x V, let uy,...,u, be a basis of U. Then
Yr(u1),. .., (uy) is a basis of V*. Let vy, ..., v, be the basis of V' dual to this. Then

b(ui, vj) = bij-
Lemma 6.9 (*). Let ¢ be a non-singular bilinear form on V. For W <V, let W+ =
{veV :y(w,v) =0Vwe W} Then Wt <V and dim W + dim W+ = dim V.

Proof (Sketch). Let uy,...,u, be a basis of V containing a basis uq, ..., u, of W. Let
v1, ...,V be the basis paired to it as above. Then W+ = (Umt1y .-y Un)-

Or more algebraically, consider
YLV = V5 ur (Yr(u) : V — Fo— (u,v)).
This is an isomorphism as 1 is non-singular. Now W+ = (¢1,(W))° as

veWt «—= YPw,v)=0Ywe W
— Yr(w)(v) =0Vwe W
= ve [WL(W))°.

Hence

dim W + dim W+ = dim W + dim(¢p,(W))°
=dimW +dimV — dim ¢ (W)
= dim V. O






Chapter 7

Inner product spaces

Definition. Let V' be a real (resp. complex) space. An inner product on V' is a positive
definite symmetric bilinear (resp. Hermitian) form on V. Write (v, w) for the value of
the form on (v,w) € V x V. A vector space V equipped with an inner product is a
real (resp. complex) inner product space, also called a Euclidean (resp. unitary) space.
So (,) is a real symmetric bilinear (resp. Hermitian) form such that (v,v) > 0 for all

v e V\ {0}
Definition. The length of v is defined to be ||v|| = \/(v,v). We have |v| > 0 for v # 0.

Lemma 7.1 (Schwartz’s inequality). For all v,w € V, [(v,w)| < ||v||||w]|-

Proof. If v = 0 then the result is clear. So suppose v # 0 and consider the real and the
complex case separately.

e (Real case) For all t € R, we have
0 < [ftv — w||* = £[]o]|* — 2t{v, w) + [Jw]||*.

Set ¢t = 2% to obtain the result.

[[o]]?

e (Complex case) For all ¢t € C, we have

0 < [[tv — w|* = tel|v]]* - #v, w) — t{v,w) + [lw].

= <||vvﬁ02> to obtain the result. O

Sl

Set t = {v,w) S0

E R
Lemma 7.2. In the Euclidean case, if v,w # 0, the angle 6 between them is given by

cosf = m taking 6 € [0, 2m).

Lemma 7.3 (Triangle inequality). For all v,w € V| ||v + w|| < ||v]| + ||Jw]].

Proof.

lv+wl|* = [[o]|* + (v, w) + (v, w0) + [[w]®
< [lol* + 2[jvll[lwl] + flwl?
= (loll + flwl)? N

Remark. Defining d(v,w) = ||v — w||, we obtain a metric on V.
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Example. (i) Dot products on R" C";
(i) V = C|0,1], real or complex valued, ((, f),g) = fol F()g(t) dt.

Definition. A set {ej,...,ex} is orthogonal if (e;,e;) = 0 whenever ¢ # j. It is ortho-
normal if also |lej|| =1 for all j. It is an orthonormal basis if it is also a basis.

Lemma 7.4. Orthonormal sets are linearly independent. In fact, if v = Z§:1 Aje; then
Aj = <€j,’0>.

Theorem 7.5 (Gram-Schmidt). Let vy, ..., v, be a basis for an inner product space V.
THere exists an orthonormal basis ey, ..., e, of V such that (v1,...,v) = (e1,...,€ex)
forall 1 <k <n.

Proof. Let e = mvl. Suppose we have found eq,...,e;. Now take e;€+1 = Vg1 —
S 51 Ajej, with \; chosen such that (ej e}, ) = 0for 1 < j < k. So Aj = (e;, vp41).

Then ¢}, # 0, as v1,..., vy, Vk41 are linearly independent. Let exy; = me§€+1.
Then (ej,ery1) =0 for 1 < j <k, and ||eg41]| = 1, and (e1, ..., ex+1) = (V1,..., Vpt1).

O

Remark. In calculations, it may be best to normalise only at the end. But then we

(€, Vk+1)
€j.ej)

have to adjust and take \; =

Corollary 7.6. In a finite dimensional inner product space, any orthonormal set of
vectors can be extended to an orthonormal basis.

Proof. If ey,...,er is an orthonormal set, it is linearly independent, so extend it
to a basis eq,...,eg, Vgt1,...,Uy of V. Apply the Gram—Schmidt process to obtain
€1y---s€ky€kt1,---,6En an orthonormal basis of V. [

Corollary 7.7. (i) Any real non-singular matrix A can be written as A = RT with
R orthogonal and T" upper-triangular.

(ii) Any complex non-singular matrix A can be written as A = UT with U unitary
and T upper-triangular.

Proof. (i) Work in R™ with the dot product. Let wp,...,v, be the columns
AW AM of A Let eq,...,e, be the orthonormal basis obtained from this
y the Gram-Schmidt process. Let R be the matrix with columns RU) = ej. Then
RTR = 1. Let v, = Z?:l tike;. Since vy € (eq,...,ex), we see that the matrix
T = (t;) is upper-triangular. We have A = RT as A) = > tixRG).

(ii) For a complex non-singular matrix A, work over C" with the dot product. Replace
R by U with UTU = I so U is unitary. O

Definition. Let V be an inner product space. If W < V, write Wt ={v € V : v L
w Yw € W}. This is the orthogonal complement for W in V.

Theorem 7.8. If V is a finite dimensional inner product space and W < V then
V=WaWw
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Proof. Let ey, ..., e, bean orthonormal basis of W, extend thisto ey, ..., ek, ext1,...,6n
an orthonormal basis of V. (Then egy1,...,e, is an orthonormal basis for W+.) Let
v e V. Write v = Z?:l Ajej + D i k1 Ajej, so V=W + W+, And W N W+ = {0}
since if (v,v) = 0 then v = 0 as the inner product is positive definite. O

Definition. Let V be an inner product space, let W < V. Then the endomorphism
7 = mw of V is an orthogonal projection onto W if 72 = 7, W = Im 7 and W = ker 7.

As above, let e1,...,ep be an orthonormal basis of W, extend this to
€1y -y €k €hily---,En an orthonormal basis of V. If v = Z;”:l Aje; then m,(v) =

Z?Zl Ajej, that is, m,(v) = Z§:1<ej,v)ej.
Remark. Note that vy = my + w1, Ty 0 = 0.

Lemma 7.9. If W <V as above and v € V then my (v) is the vector in W nearest to v,
that is letting wog = 7w (v) we have d(wp,v) < d(w,v) for all w € W.

Proposition 7.10. Let V be an inner product space of finite dimension, let & € End(V').
There exists a unique endomorphism a* of V', the adjoint of «, such that

V-V (aw,w) = (v, " w)
for all v,w € V. Moreoever, if B is an orthonormal basis of V, then [a*|p = [a].

Proof. Let B = {e1,...,en} be an orthonormal basis of V. Let A = [a]p = (a;;). Let
a* be the endomorphism such that [a*]p = AT. Then, writing C = AT for 1 <i,j <n,
we have

n
(aei,ej) = (Y aniex, e;)
k=1

n
= Z%i(ek,ej)
k=1

= a/‘_]'i

= C,L-j

n
= crilei ex)
k=1
n

= (ei, > _ crjer)

k=1
= (e;, a"ej)

Thus (av,w) = (v,a*w) for all v,w € V since this is true on a basis. a* is unique as
[a*]g = AT is forced. O

Lemma 7.11. For adjoint endomorphisms, we have (a4 8)* = o* + %, (A\a)* = Aa*,
o =, 1f =1, (af)* = f*a*.

Proof. All of these follow from matrices, or directly, e.g. we have (a*v,w) = (v, a™w)
but also

(v, w) = (w, a*v)
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50 (v, aw — o™*w) =0 for all v € V so aw = o™ w for all w € V, so ™ = a. O

Definition. Let A be a real (resp. complex) n x n matrix.

e A is symmetric (resp. Hermitian) if AT = A (resp. AT = A), A is self-adjoint.

e Aisorthogonal (resp. unitary) if AT = A~! (resp. AT = A~1), A is inverse-adjoint.
Let V be an inner product space over R (resp. C), let « € End(V).

e « is symmetric (resp. Hermitian) if a = o, equivalently (awv, w) = (v, aw) for all
v,we V.

e « is orthogonal (resp. unitary) if a* = a1, equivalently (aw,aw) = (v,w), so a
is an isometry of V.

e « is normal if aa™ = a*a.

Lemma 7.12. If V is an inner product space and a € End(V'), and if B is an ortho-
normal basis of V| then « is Hermitian (unitary, symmetric, or orthogonal) if and only
if [o]p is.

Theorem 7.13 (Spectral theorem). Let V' be a complex inner product space, let o €
End(V) and assume that « is Hermitian (unitary). There exists an orthonormal basis
of V consisting of eigenvectors of . Moreover, each eigenvalue is real (lies on the unit
circle).

Proof. Since V' is a vector space over C, there exists an eigenvalue A € C. Let e € V
with a(e) = e and ||e|| = 1. Let W = (e)*. Then W is a-invariant. If w € W then

(a(w),e) = (w,a”(e)) = (w,ale)) = (w, Ae) = XN w,e) =0
and so a(w) € W. (If w € W then
(a(w), e) = (w,a*(e)) = (w,a(e)) = (w, A\ Te) = X\ Hw,e) =0

and so a(w) € W.) Now V = (e) @ W by Theorem 7.8. Note that |y, is Hermitian
(unitary) and continue in W. There exists an orthonormal basis ea, . .., e, of W consist-
ing of eigenvectors of a. Then B = {ej,e9,...,e,} is an orthonormal basis consisting of
eigenvectors of a.

Moreover [a]p = mg. Now [a]p is diagonal,

A1 0
[Oé]B = - 5
0 An

so Aj = Aj forall 1 < j <n,so)\jisreal. (Or [a7l]p = mg, S0 \j = A;l for all
1<j<mn,s0|)\|=1.) O
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Lemma 7.14. If o € End(V) is Hermitian and if vy, vy are eigenvectors of a corre-
sponding to distinct eigenvalues A1, Ay then vy L vs.

Proof. Consider (a(vy),v2).
A (v, v2) = (a(vy),ve) = Hvla(vg) = Ao(vy,v2)

so either A\; = A\; = A\g or (v, v2) = 0. As A\; # Ao, the result follows. O

Lemma 7.15. If « is a symmetric endomorphism of a real inner product space, then «
has real eigenvalues. Also, eigenvalues corresponding to distinct eigenvalues are orthog-
onal.

Proof. Let B be any orthonormal basis of V. Then [a|p is a real symmetric matrix, so
also Hermitian (as a complex matrix). Hence the eigenvalues of [a]p, and so of «, are
real by Theorem 7.13, and the rest follows from Lemma 7.14. O

Theorem 7.16. Let V' be a real inner product space, let « € End(V') be symmetric.
There is an orthonormal basis of V' consisting of eigenvectors of «.

Proof. We prove this exactly as before for Theorem 7.13, but use Lemma 7.15 to get
started. O

Remark. If V is a real inner product space and o € End(V) is orthogonal, there need
not be a basis of eigenvectors. But Example Sheet 4 Question 14 shows that if « is
orthogonal then there exists an orthonormal basis B of V' such that

10
0 1

cosfy sin6y
—sinfy cosbq

for some 0; € R.

Remark. Let A be a real symmetric (resp. complex Hermitian) matrix. Regard it
as an endomorphism on the inner product space R™ (resp. C") with the usual dot
product. There exists an orthonormal basis vy, ..., v, of eigenvectors of A. The matrix
P = (v1,...,vy) is orthogonal (resp. unitary) and AP = PD with D diagonal. Hence
P~'AP =D = PTAP (vesp. P'AP = D).

Proposition 7.17. Let ¢ be a real symmetric bilinear (resp. complex Hermitian) form
on a real (resp. complex) vector space V. Let A be its matrix with respect to any basis B
of V. Then the signature of v is the difference of the number of positive and the number
of negative eigenvalues of A.

Proof. The matrix A is symmetric (resp. Hermitian), so by the previous remark there
exists an orthogonal (resp. unitary) matrix P such that P~'AP = D = PTAP (resp.
PTAP = D). The assertian now follows. O
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Remark. Let A be a real symmetric n X n matrix, let V' be a real vector space of
dimension n with a basis B. We can define o € End(V') with [a]p = A and a bilinear
symmetric form ¢ with [¢)]p = A. Changing to a different basis C' will do different
things to A. But let (,) be the inner product on V' such that B is orthonormal. (Define
(€i,ej) = d;; and extend.) If C is also orthonormal with respect to (,) and P is the
change of basis matrix, then P~' = PT and P~'AP = PTAP, so [a]c = [¥]c.

Theorem 7.18 (Simultaneous diagonalisation of quadratic forms). Let ¢ and ¢ be
symmetric bilinear (resp. Hermitian) forms on a real (resp. complex) vector space V.
Assume 1 is positive definite. There exists a basis of V' with respect to which both
and ¢ are diagonal.

Proof. Fix any basis and let A, C be the matrices representing ¥, ¢. Now diagonalise
1. For some non-singular matrix P, PT AP = I as 1 is positive definite. Now PTCP is
symmetric (resp. Hermitian) so for some orthogonal matrix Q, QT PTCPQ is diagonal.
Then QTPTAPQ = QTIQ = I. Write

dy 0
Q'P'CPQ=D= _
0 dp,
In fact, the diagonal entries dy, ..., d, of D are the roots of the polynomial det(C —tA).
They are certainly roots of det(D — ¢tI) and
det(D — tI) = det((PQ)?(C — tA)(PQ)) = (det(PQ))? det(C — tA),
so det(D — tI) and det(C — tA) have the same roots. O

We now provide a second proof of Proposition 7.10 in case of a real inner product space
V.

Proof. Consider a € End(V), a* € End(V), (a(v), w) = (v, a*(w)).

Fix w € V; the map ¢(w) : V — F,v — (v,w) is a linear functional on V. The map
V — V* w — ¢(w) is an isomorphism. (V is as V, but A-v = Av.) Hence any linear
functional on V can be written for some unique w’ € V as v — (v, w’).

Fix w € V; now v — (a(v),w) is a linear functional on V, so there is a unique v’ = o*(w)
with (a(v), w) = (v,a*(w)) for all v,w € V. Finally, check that o* is linear. O
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