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Notation

We denote [n] = {1,...,n} and more generally write [m,n| = {m,...,n} for m,n € N.
Given a set X, we write P(X) = {Y : Y C X} or sometimes PX for the power set.
Further, we write X(") = {Y C X : |Y| = r} and call a family F C PX r-uniform if
F C X, We say F is uniform if it is r-uniform for some r.






Chapter 1

Antichains

A family A C PX is a chain if whenever A, B € A then A C B or B C A. Similarly,
A C PX is an antichain if whenever A, B € A then A C B implies A = B.

How large can a chain be? Trivially, a chain A C P[n| contains at most one element
from each [n](") so |A| < n + 1, which is realisable, e.g. 0, {1},{1,2},{1,2,3},...,[n].
How large can an antichain be? Clearly [n](") is an antichain of size (™), which is maximal
when 7 = | %] or [%]. Can we do better?

Theorem 1.1 (Sperner’s Lemma). Let A C P[n] be an antichain. Then

A= ()

Proof. We shall decompose P[n] into ( Ln% J) chains which proves the theorem since A
can meet each chain only once.

It suffices to find injections from [n](") to [n]*tY so A — B with A C B for r < 5, and
from [n] to [n]"~Y so A+ B with A D B for r > 2. The first injection corresponds
exactly to a matching of [n](") to [n]"™1) in the bipartite graph whose vertex classes are
these two sets, with A € [n](") joined to B € [n]U"*+1 if A C B.

Observe each A € [n](") is joined to n — r vertices in [n]"*). Bach B € [n]"t1) is
joined to 7 + 1 vertices in [n]("). Let S be a collection of vertices in [n](") and T be its
neighbours in [n]"*+1). Counting the edges between S and 7T,

[Sl(n —7) =e(S,T) < |T|(r+1),

SO
/,’L_

7] > |S|
T+

,
> |S].
C 2]

as r < 5. By Hall’s theorem, the matching exists.

The second injection exists similarly. O
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Remark. It is not clear from the proof whether the size (Ln72 J) can be achieved other
than in the obvious ways.

Definition. Given A C [n](") the (lower) shadow of A is
OA=0"A={Ben]"V:BcC Aforsome Ac A}
Lemma 1.2 (Local LYM). If A C [n]") then
[0A]
(%)
Proof. As in the proof of Theorem 1.1,
|A|r = e(A,0A) < |0A|(n —r+1). O

27

(7)

A

Remark. (i) Equality is attained only if A = () or A = [n]("), since we can get from
Ae Ato A’ € [n]")\ A by a sequence of removing and adding elements.
(ii) We can obtain another proof of Sperner’s lemma along these lines. Pick r maximal
such that AN [n](" # 0. Replace AN[n](") by its shadow if r > 2. By Local LYM,
we obtain a larger antichain closer to the middle.

Theorem 1.3 (LYM, Lubell, Yamamoto, Meshalkin, 1966). Let A C P[n| be an an-
tichain. Then

n (r)
Z |A ﬂin] | <1.
r=0 (T’)
Proof. Let A, = AN [n]") and
B, =A, U0A 1 U---UI" " A, = A, UIB, 1.

Since A is an antichain, A, N 98,11 = 0. So

1

[Bol _ [Aol | [0B1] _ Aol | [Bil _ Aol | [Ail | [0Bs]
G © © 6 O 6 @ O
[ Aol | [A] | [Be —~ A
G O 6 = ()
Remark. Equality holds in LYM if and only if it holds in Local LYM at every step if
and only if A= [n]" for some 7.

O]

Alternative proof. Pick a random maximal chain C, i.e., a sequence Ay C A1 C --- C A,
where |A,| = r. Given A € [n]("),

1
P(AeC)= =5
()
and hence

| A
N
(7)
But for 0 < r < n these events are mutually exclusive, so the sum of their probabilities
is at most 1. [

P(C meets A,) =




Definition. A chain is symmetric if it is of the form
Ap CApp1 C-- CApg

for some k where A; € [n]®.

Can we decompose P|[n] into symmetric chains? Note there are necessarily (LnT/L2 J) chains,

since each chain has an element of [n]([?/2]).

Theorem 1.4. P[n| has a partition into symmetric chains.

Proof. By induction on n. Take a partition of P[n — 1] into symmetric chains. Let
B = Ak, Agt1, ..., Ap_1- be a chain in it. Let

B' = Ap, Apy1, - Apcik Apm—p U {n}
B’ = AU {n}, Ak+1 U {n}, e Ao U {n}

Notice that B’, B” are symmetric chains in P[n] and every element of P[n] is in exactly
one of these chains. O

Say what now? We seem to have twice as many chains in P[n]| as in P[n — 1] but
1 . . . . .

(Ln7/L2J) #* 2(“”’11)/%) if n is odd. But in this case, n — 1 is even, B can have length one,

and then B” = (). In fact, the procedure generates

=)0

chains of length n — 2k + 1 for 0 < k < | %] because £y(n) = l(n — 1) + f_1(n — 1).

Littlewood and Offord (1943) needed a bound on the number of sums » ;. 4 2, A C [n],
that lie within distance 1 of each other, where z1,...,2, € C, |z| > 1. Erdgs (1945)
noticed if z; € R then the number is at most (\_nT/LZJ)’ since the sets A* ={ie€ A:z >

0}U{i & A: 2z <0} form an antichain.

Theorem 1.5 (Kleitman, 1970). Let x1,...,z, € X, where (X, ||-||) is a normed space,
with [|2;|| > 1. Forany A C [n]let x4 = Y .. 4 x;. Let A C P[n]such that ||[za—2zp| <1

for all A,B € A. Then
A< ()
5]

Proof. Call a class C C P[n] dispersed if ||xqa —xp| > 1 for all A, B € C with A # B. If
we can partition P[n] into (LnT/L2 J) dispersed classes, we are done.

A partition of P[n] into classes is called quasi-symmetric if it has x(n) = (}) — ("))

classes of size n —2k+1, 0 < k < [n/2]. Notice that any such partition has )", ¢x(n) =
(LN% J) classes. Notice further that the following procedure produces a quasi-symmetric
partition of P[n] from one of P[n — 1].

For each class C in the partition of P[n — 1] pick AT € C and let

C'=CU{ATU{n}}
C"={AU{n}: AcC,A#AT)
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This works because £ (n) = l(n — 1) + lp—1(n — 1).

We need only pick AT so that if C is dispersed, so are C’ and C”. Notice C” is dispersed
because

17 autny — Tyl = |74 — 25|

for A,B € C". Let e, = x,/||zn| and pick AT so that (z4+,e,) = maxacc(wa,en).
Then

|z a+utny — Tall = (Tatugny — T4, en)
= (Tatun},en) — (T4, €n)
=(

Tnsen) + (Ta+, en) = (T4, €n)



Chapter 2

Saturation

An r-uniform hypergraph H is a pair H = (V, E) where E C V(). A 2-uniform hyper-
graph is a graph. The complete hypergraph KIET) of order k is ([k], [k]").

Recall that for r = 2, Turdn’s theorem tells us the maximum size, i.e., the number of
edges, of a graph with no K} is that of the Turan graph Tj_;1(n). The corresponding

value for r > 3 is completely unknown, even for K f’).
A hypergraph is (strongly) k-saturated if the addition of any edge not in H produces

a K,gr) subgraph. For r = 2, clearly Tj_1(n) is saturated, but there are examples with
fewer edges. E.g., for £ = 3 a star will do and in general Ky_o + E,_j+o works. Erdgs—
Hajnal-Moon (1964) showed this example has the minimum size.

Theorem 2.1 (Bollobas, 1965). Let {(R;,S;) : i € I} be a collection of pairs of subsets
of [n] such that R; N.S; = 0 if and only if ¢ = j. Then

2 (ri+8i)_1 <1
: T
iel

where r; = |R;|, si = |Si|.

Remark. Putting S; = [n] — R;, {R; : i € I} forms an antichain and we obtain the
LYM inequality.

Proof. By induction on n. The case n = 1 is trivial. For each x € [n], let [, = {i € I :
z & R;}. Let ST = S5; N ([n] — {z}). Then by the induction hypothesis,

> () =
: T -
1€,

Now R; appears in n — r; I;’s and, of these, s = s; — 1 in s; cases, and s¥ = s; in
n —r; — 8; cases. So

eE ()

z€[n]i€ly

-1 -1
:Z(n_ri_81)<n+sz> +Si<m+sz )
T i

el

-1
T + 5
:nz< ) | 0

icl



8 Saturation

Proof. Consider a random ordering of [n], i.e., a random maximal chain. Then
1
(T T‘is )

and those events are mutually disjoint. O

P(All elements of R; precede all elements of S;) =

Theorem 2.2. Let H be a strongly (r + t)-saturated r-uniform hypergraph. Then
n n—t
H) > —
=) -(")

Remark. This is attained (in fact uniquely) by [n]") — [n — ¢](").

where n = |H|.

Proof. For each missing edge R; pick a ,Sfr)t created by the addition of R; and let

Si = [n] — V(Kﬁ?t) Then R; NS; = 0 if and only if ¢ = j so the number of R; is at
most ("71). O

We say that H is weakly k-saturated if there is an ordering of the missing edges so that
if the edges are added one by one in that order, each additional edge creates a new K IET).
A strongly saturated graph is weakly saturated. The converse is false, e.g., if r = 2,

k = 3 then any tree will do.

Theorem 2.3. Let H be a weakly (r + t)-saturated r-uniform hypergraph. Then
-1
= ()=()
r r

Proof. For each missing edge R; pick S; as before. We add edges in the order Ry, Ry, .. ..
Then R;NS; = 0 and R;NS; # () for j > i. The proof then follows from the Theorem 2.4.
O

where n = |H|.

Theorem 2.4. Let R;,S; C [n], 1 < i < h with |R;| =7, |Si| = s, RN S; = 0, and
R;NS;#0for1<i<j<h Thenh< (Ti_s).

Remark. Given a finite dimensional vector space V with basis ey, ..., eq, we consider
the exterior algebra A\ = @~ AP V. A basis for A¥V is

€ip Neig N Neg,

where {i1,..., iz} € [d]*®) and we require that transposing elements results in multipli-
cation by —1; so if any two elements are equal we obtain zero. Extend this by linearity.
It is easy to check that vy A -+ Avg # 0 iff {vy,..., v} is a linearly independent set.

Proof. Let V =R let {v, : x € [n]} be vectors in general position, that is, any 7 + s
are linearly independent. For A C [n] let va = A c 4 vz- Then vq Avp # 0 if and only
if ANB =0 and {v,; : * € AU B} is linearly independent.



Now vg;, Awvs, # 0, but vg, Avg, = 0 for i < j. Then {vg, : 1 < i < h} is linearly
independent, for if Z?Zl cjug; = 0 let 4 = min{j : ¢; # 0} then

k
<Z cijj> ANwg;, = ¢uR, Nvg; =0
=1

so ¢; = 0, contradiction. Therefore,

hSdim/\V—(dlmv>—(T+s> 0
r r






Chapter 3

Shadows

Local LYM states
[0A] > | A
with equality only if A = or A = [n]("). How small can |0.A| be, given |.A|?

If r =1, clearly 0A = {0}, |0A| = 1. If r = 2, A represents the edges of a graph. 0A is
the set of vertices having at least one incident edge. We minimise |0.4| by

_r
n—r+1

d

where |A| = () +d, 0 < d < m. Hence |[0A| > m+ 1. If d # m there are other
configurations.

The following are two important orders on [n]("). We define the lezicographic (or lex)
order by A < Bif min A A B € A, and the colezicographic (or colez) order by A < B if
max A A B € B. For example, consider [5](%).

lex 123 124 125 134 135 145 234 235 245 345
colex 123 124 134 234 125 135 235 145 245 345

Remark. Colex is “lex reversed on [n| reversed”.
Note if A C [n](Z) then we minimised the shadow by choosing A to be an initial segment
of the colex order.

Clearly, in colex, every set with maximal element less than k precedes any set with
maximal element k. Amongst sets with maximal element k, the order is by colex on

[k — 10D + {k}.
Example. The first 41 elements in [n]®).

- (D OO
A= U (149 + {8}) U (1212 + {5,8}) U (1D + {3,5,8})
dA =[7® U ([4 1@ 4 {8}) ([ 1™ 4 {5,8}) U ([1]@ + {3,5,8})

o= ()+(0)+(0)+()-»
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Observation 3.1. Each m € N has, given fixed r, a unique expression

() () ()

where m, > m,_1 > --- > mg > s > 1. If T is the initial segment of length m in the
colex order on [n](") then

= mT m?"—l o e ms
ozl = (™ )+ () e ()

Observation 3.2. Let 1 € A € [n]") and let B be the first element after A in colex
with 1 ¢ B. Then A — {1} C B.

To check this, consider the maximal string of consecutive numbers in A beginning with 1,
i.e., write A = [[|UC, I4+1 ¢ A. The next elements in colex are {1,2,...,l—1,l+1}UC,
{1,2,...,0—2,l,l+1}uUC, ..., {1,3,4,...,1+1}UC, {2,3,...,1+ 1} UC = B.

Our hope is to transform a family A to another family more like an initial segment,
without increasing the shadow. The last bit is the hard bit.

Definition (i-j-compression). Let 1 <i < j <n, A € [n](") then

A—-{jlu{i} ifjeAigA
A otherwise '

Cij(A) = {

For A C [n](") its 4-j-compression is
Cij.A = {CZJ(A) :Ac .A} U {A cA: C”(A) S A}
replacing sets A by their compression if possible.

Example.

C12{125, 146, 156, 256, 257,357} = {125, 146, 156, 256, 157,357}

Clearly, |Cj;A| = | A|.

Lemma 3.3.

0Ci;A| < [0A]

Proof. We consider the injection P[n] — P[n|, B — BA{i, j} and show it maps 9C;;A\
0A to A\ 0C;;A, proving the lemma.

Let B € 0C;;A\ OA. Then there exists A € A with B C Cy;(A) with Cj;(A) € A so
Cij(A) # A. Then A= Z U{j}, Cij(A) = ZU{i}, Ze )"V, ij¢ 7

Now B # Z since B € 0A,s0 B=Z—{k}U{i}, k€ Z. So B— B' = Z—{k}U{j} C A,
so B' € 0A.

Suppose B’ € 9C;A, ie., B C A € CijA. Then A’ = B ' U{l} = Z — {k} U {j} U {i}.
If ] =i then A/ € Aand B C A" so B € 0A, contradiction. But if [ # ¢ then
A =7 —{k} U{j} U{l} can be in Cj;A only if Cj;(A") =Z —{k}u{i} U{l} € A. So
B C CijA, ie., B € OA, contradiction.

Hence B’ ¢ 9C;;A, completing the proof. O
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We say A is i-j-compressed if Cj;A = A. We say A is left-compressed if C;; A = A for
all ¢ < j.

Corollary 3.4. Given A C [n](") there exist B C [n](") with |B| = |.A|, |0B| < |0.A| and

B is left-compressed.

Proof. If Cj; A # A replace A by Cj;A. This reduces ) 4. 4> ic 4% Keep doing this;
since the quantity is positive we reach a left-compressed family B, which has the desired
properties by Lemma 3.3. O

An initial segment of colex is left-compressed but unfortunately there are many more
other examples, e.g., an initial segment of lex. Nevertheless, we have enough for our
main theorem.

Theorem 3.5 (Kruskal-Katona, 1963-1968). Let A C [n]) and let J be the initial
segment of colex on [n]") with |A| = |7|. Then |0.A| > |0J|. Explicitly, if

\m:m:<7>+CﬁD+”+<?)

where m, > m,_1 > -+ > mg > s > 1, then

my Mg
o= ([ )+ ().

Proof. Proceed by induction on m + r. By Corollary 3.4, we may assume A is 1-j-
compressed for all 1 < j. Let us define

A1={A-{1}:1€ Aec A} Jh={A-{1}:1e Ae T}
Ay ={AeA:1¢ A} Jo={AeTJ:1¢ A}
Notice that J; is an initial segment of colex on {2,...,n}"~Y and J, is an initial

segment of colex on {2,...,n}("). Then |A| = |A1| + |As| and |T| = |J1| + | Fal.

Now A is 1-j-compressed means 0 A2 C A;. Thus 04 = A; U ({1} + 0.A;) is a partition
of 0A. So |0A| = |A1| 4+ |0A1|, and likewise |0T| = |J1| + |0

So we are home by induction if |A;| > |J1|. What if |A;] < |J1|? Then |As| > |T2|.
Let j;r be J2 plus the next element in colex on {2,... ,n}(r). Then j2+ is an initial
segment of colex and |Ay| > ]j2+|. Then J; C &7;“ by Observation 3.2.

But, recalling A2 C Aj, we now obtain |A;| > [0As| > |07, | > |Ji| using the
induction hypothesis, contradiction. O

Theorem 3.6. Let A C [n]") with |A| = (¥) where z > r — 1 then

X
0.A] > (T1>.

Proof (Lovdsz 1979). By Theorem 3.5. O
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Proof (Frankl 1984). Since (,*,) is increasing for z > r — 1 and |A| > 1 we have z > r.
Moreover, if x = r the result is trivial so we may assume x > r.

Proceed as in the proof of Theorem 3.5; A is 1-j-compressed, dA2 C Aj and |A| =
|A1] + |Agl, |0A| = |A1] + |0A1]. I |Ay] > (fj) then |0.A4;| > (f:;) by induction so
0A| > (*)). If |A4] < (*Z]) then [As| > (') and since 2 > r, induction shows

|0As| > (f:i) > | A, contradicting .43 C A;. O

An initial segment of lex is left-compressed. But we could move 125 to 234 using C3415.
Given U,V C [n],UNV =0 and A C [n] we define

CUV(A):{(A\V)UU ifVCcAandUNA=0

A otherwise

and

CuvA={Cyy(4): Ac AUu{Aec A:Cyv(A) € A}

Note C{i}{j} = Cij and |CUVJ4‘ = |.A| IfAcC [n}(") and ’U‘ = ‘V‘ then Cyy A C [n](”.
But note that

A = {14,15} A ={1,4,5}
Coz1aA = {23,15} 8Cy314A = {1,2,3,5}

However, we have the following lemma.

Lemma 3.7 (Bollobas-Leader, 1987). Let A C [n]), UNV =0, |U| = |V|. Suppose
VuelU FveV CU—{u},V—{v}A =A (1)

Then [0Cyy.A| < |0A|.

Proof. We show that the bijection of P[n] — P[n] given by Y — Y A (U U V) injects
OA \ 0A into A\ A" where " denotes Cpy -

Let B € 0A"\DA. So there exists z € [n] such that BU{z} € A\ A. Thus U C BU{x}
and VN (BU{x}) = 0. Thus (BU{z} \U)UV € A Now z ¢ U, else by (1)
there exists v € V with Cy_yyv_(o}(BU{z} \U)UV = BU{v} € A, implying
B e dA Thusxz ¢ UUV,s0 BA(UUV)=(B\U)UV € dA. Suppose that
(B\U)UV € A’. Then there exists y such that (B\U)UV U{y} € A. Suppose
y ¢ U. Then BU{y} = Cyy(B\U)UV U{y} € A, giving B € 0A, a contradiction.
Hence y € U. Then by (f) there exists v € V' such that Cy_g,y v—{s3A = A. So both
(B\U)uVU{y} € A and Cpy_( v} (B\U)UV U{y} = BU{v} € A, s0 B € 0A.

Thus BA(UUV)=(B\U)UV € dA\ A as claimed. O
Definition.
I'={(U,V)ePn]xPn:UNV =0,U|=|V|,maxU < maxV'}

Lemma 3.8. A is an initial segment of colex if and only if Cyy A = Afor all (U, V) € T.
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Proof. If A is not an initial segment pick A’ ¢ A, A € A where A’ < A. Let U = A"\ A,
V =A\ A" Then Cyy(A) = A, so Cyyv A # A, and max(U U V) = max(A A A) €
ACV,ie, (UV)eT.

If Cyy A # A pick A € A with CyyA € A, then max(Cyy (A) A A) =max(UUV) € A,
so Cyy(A) < A and A is not an initial segment. O

Proof (Kruskal-Katona). Given A which is not an initial segment of colex, pick (U, V') €
I’ with Cyy A # A and |U| minimal, by Lemma 3.8. By Lemma 3.7,

|0Cuv Al < [0A.

Repeat; since the members of Cyy A are to the left of those in A, we cannot repeat
forever. O

What about minimising |07 .A|? This depends on n.
Corollary 3.9. Let A C [n]") and let J be the initial segment of [n]") in the lex order
with [A| = |J|. Then |07 A] > |07 T].

Proof. Define A = {[n] — A: A€ A} C [n]® ). Then ot A = 9~ A; we use Kruskal-
Katona and the relationship between lex and colex. ]






Chapter 4

Intersecting Systems

We say A C P[n] is intersecting if AN B # () for all A, B € A. For example, A = {A C
[n] : 1 € A} is intersecting and | A| = 271

Proposition 4.1. If A C P[n] is intersecting then |A4] < 2771,
Proof. A can contain at most one of each pair A, [n] — A. O

What about uniform intersecting systems? Note if » > § then [n] (") is intersecting. If
r = 4 then any choice of one from each pair A, [n] — A gives an intersecting family of
size () = (7;:%) If r < 2 the family {4 € [n]™ : 1 € A} is intersecting and has size

(?:ii- '

Theorem 4.2 (Erdés-Ko-Rado, 1938, 1961). Let A C [n](") with r < 5 be intersecting.
Then
n—1
< .
|A’ - <7" — 1)

Proof. Let A= {[n]—A:Ac A} C [n]® 7). The fact that A is intersecting is precisely
the statement that AN o 2" A = 0. If

Ry
A== ("2 = (020

so, by Kruskal-Katona n — 2r times,

|8n727'/[t| > (n - 1) ]
r

A= () ()= ()
r—1 r r

contradiction. O

then

But then
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Proof (Katona). Consider all n! cyclic orders of the n elements. A set A € A appears as
an arc in n-r!-(n—r)! orders. Given a fixed cyclic ordering at most r arcs can represent

sets in A. (If (c1,...,¢.) is an arc in A then for 1 < ¢ < r — 1 at most one of the arcs
(y+y...,¢) and (¢iy1,+y ... ) is in A.) Thus
Al -n-rl-(n—r)! <r-nl O

We say A is t-intersecting if |AN B| > t for A,B € A. Clearly, intersecting means
1-intersecting. We consider the non-uniform case first.

Lemma 4.3. Let A C P[n| be t-intersecting. Then Cyy.A is t-intersecting provided
|U| > |V| and

(1) CU,V—{’U}A =AforallveV,
(ii) for all u € U there exists v € V such that Cy_gy v—_f,} A = A.

Proof. Suppose not. Then there exist A, B € Cyy. A with |AN B| < t. Clearly not both
A,Be A, soweassume A=Cpyy A, AAe A, Ag Aso A= (A -V)UU.

Suppose B ¢ A. Then B = (B’ — V) UU where B’ € A. Then
|JANB|=[(A-VUuU)N(B'-VUul)|=|AnNB|+|U|l-|V|]>t
contradiction. So B € A. Suppose Cyy B # B. Then Cyy B € A since B € Cyy A. So
|JANB|=|(A-VUU)NB|=|ANB-Vul)|=|4ANCyyB| >t

contradiction. So CyyB = B. Hence either V. BorVC Bbut UNB #0. fV ¢ B
take v € V, v ¢ B. By (i) Cyy_g,} A" € A. Then

ANB|=|(A'-=VUuU)nB|=|(A-VU{v}uU)NB| = |Cuy_A'NB| >t

contradiction. Finally, if V'.C B but U N B # 0, take u € U N B and by (ii) take v € V
so that Cy_guy,v—{v}A = A. Then

[ANB| = (A= (V= {vh U U —{u})) N B| = [Cu_uyv—{uyA'N Bl 2 t
since CU—{u},V—{v}Al e A 0

Theorem 4.4 (Katona, 1964). Let A C P[n| be t-intersecting. Then

= =3 ()

if n 4+t =2k, and

Al <[P U =10 = (n;) " i <n>

ifn+t=2k+1.
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Proof. Consider all pairs (U, V) with |U| > |V|, UNV = (. Keep choosing such a pair
with |V| minimal and Cyy A # A, if such a pair exists. If V =0, Cyy A is trivially ¢
intersecting, and if V' # () then Cyy A is t-intersecting by Lemma 4.3 and the minimality
of |V|. Replace A by Cyy.A. This increases ) 4. 4|A| so eventually we reach a family
with Cyy A = A for all pairs (U, V).

Define r = min{|A| : A € A}. Then [n]0) C A for all j > 7: else let A € AN [n]") and
Be[n]W\ A put U=B—A,V=A-B,and note Cyyy A # A.

Now pick A € AN [n]") and B € [n]"*Y with |[ANB| =7+ (r+1) —n. Since B € A,
we have 2r+1—n >t sor > k.

If n +t is even, we are done; because A C [n](Z%) and the latter is t-intersecting. If
n+tis odd, A C [n]>* U (AN [n]®) which is t-intersecting if and only if AN [n]*) is
t-intersecting. This condition is equivalent to |AU B| < n if A, B € AN [n]*), which is
equivalent to {[n] — A: A € AN[n]®} is an intersecting (n — k)-uniform family. Since
n —k < 3, Erd6s-Ko-Rado says

A< ()= ("), =

Theorem 4.5. Let 1 < ¢ < r and let A C [n]") be t-intersecting. If n is sufficiently

large, e.g., n > (167)", then
n—t
< .
|A| - (r — t)

Proof. We may assume ¢t < r and A is maximal t-intersecting. Then we may choose
A,B e Awith |[ANB| =t.

Y DANBforall Y € A then

Al < (n—t)
r—t

So suppose there exists C' € A with ANB ¢ C. Thus, if D € A then |[DN(AUBUC)| >

t+ 1. Thus

< 9lAUBUC]| n n o n

Al = r—t—1 * r—t—2 Tt 0
(=)
<
r—t
if n is large. O
Theorem 4.5 fails if n is not large. Let
Fi={Aenm |JAN[t+ 2] >t +i}.

These are t-intersecting families, interpolating between two configurations.

Example. Let r =4 and ¢ = 2.
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n |Fol | F1 | | 2|

T () =10 1+(5)(F) =13 () =15
8 (5 =15 1+(5)(1) =17 (3 =15
9 (-2 1+ -2 (-1

Frankl (1987) conjectured one of F; always wins. In particular, Fy is biggest if n >
(r—t+1)(t+1), which was proved by Wilson in 1984 (c.f. Theorem 4.5). The conjecture
was proved by Ahlswede and Khachatrian in 1997.

There remain many beautiful open problems. These two are both due to Simonovits
and Sos.

(i) If A C P[n] such that |A N B| contains a 3-term arithmetic progression, then
|Al < 273

(ii) If A C Pn] is a family of graphs on the vertex set [n] such that |A N B| contains
a triangle then |A| < 2(2)=3_ 1t is known that |A| < 2(3)-2,
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Exact Intersections

Historical notes from statistics: a (r, k)-\ design is a family A C [v](") for some v, whose
members are called blocks, every element of [v] lies in exactly k blocks, and every pair
of elements of [v] lies in A blocks.

Clearly, the parameters are constrained. For example, if b = |A| then br = vk and
A(5) =b(5). A less apparent constraint is b > v, called Fisher’s Inequality. It turns out
to hold more generally: we need only A C P[v] with every pair in [v] lying in A blocks.

The dual system to Ais A* = {A; : © € [v]} where A, = {A € A: 2z € A}. Think of
a bipartite graph with vertex class [v] and A with edges representing containment. The
dual version of Fisher is the one we shall prove.

Theorem 5.1 (Fisher’s Inequality). Let A C P[n] and let A € NU {0} be such that
|AN B| = X for distinct A, B € A. Then |A| <n, unless A = 0 then |A| <n+ 1.

Proof. If |A| = X for some A € A then B D A for all B € A and the sets B\ A are
pairwise disjoint, so |A| <1+ n — |A].

So we may assume |A| > X for all A € A. For A € Alet x4 € R™ be its characteristic
vector, i.e. 4 = (01,...,0,) where §; = 1ifi € Aand 6; = 0ifi € A. Thenxzq-x4 = |A|,
and zq-zp=|ANB|=\if A+# B.

Suppose now ZAeA cax 4 = 0 where c4 € R. Then dotting with zp we obtain
cg(|B] = A) = =\C

for C' =3 qcaca- If X =0 this implies cg = 0 for all B € A. If A # 0 then cp has the
opposite sign to ) 4. 4 ca, a contradiction unless cp = 0 for all B € A.

Either way, the x4 are linearly independent so |A| < n. O

What if we allow more than one intersection size?

Theorem 5.2. Let £ C NU{0} and let A C [n](") be such that |AN B| € £ for distinct
A, B € A. Suppose ged(L) 1 r. Then |A| < n.

Proof. Let x4 € Q" be the characteristic vector of A € A. Then there exists integers j4
with ZAeAijA =0 with ged{ja: A€ A} =1.
Take a prime power p¥ with p* | [ for all [ € £ but p¥ { r. Dotting with zp gives

> jalAnB|=0.
AcA
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Hence p* | jp|B| for all B. Thus p | jg, contradicting gcd{js: A € A} = 1. O

More generally, A can be bigger. If all we know is that |£| = s then [n](®) and [n](<*) are
examples of uniform and non-uniform families of sizes () and ({)+---+ ("), respectively.
These bounds are in fact tight: proved by Ray-Chaudhuri and Wilson (uniform case,
1975) and Babai (non-uniform case, 1980’s).

Theorem 5.3. Let £L C NU {0}, |£] = s. Let A C P[n]| with |[AN B| € L for distinct
A, B € A. Then
n n
< )
= (5) =+ ()

Proof. For A € A define the polynomial fs: R™ — R by

fa(z) = T (@, 2a) = 1)
lel
I<|A|

where x = (z1,...,2,) and (z,x4) = 6121 + - - - + Opxp. Note fa(zp) = 0 unless A C B.

Let fANbe the polynomial obtained from f4 by replacing all powers z{, e > 2, by ;.
Then fa(xp) =0 unless A C B, because fa(xp) = fa(xp) as zp € {0,1}".

Suppose Y 44 cafa(z) = 0. Pick B with |B| minimal and ¢p # 0. Then
> cafalzs) = cafolzp) #0

AeA

a contradiction. So the f4 are linearly independent.

The f4 are spanned by all monomials [Licr zi where T' C [n](<%). Hence

Al < [[n] =) H

A long-standing conjecture that |A] < Y77, (";1) if 0 ¢ L, achievable by {Y €
[n](=s+1) 1 1 € Y}, was proved by Snerily (2003). Compare this with Fisher’s Inequality.

Why not replace the underlying field in the proof by GL(p)?

We use the notation m € £ (mod p) if there exists | € £ with m =1 (mod p), m & L
(mod p) means that for all [ € £ we have m # [ (mod p).

Theorem 5.4. Let p be a prime. Let £ C NU {0}, |£| = s. Let A C P|n] such that
|A| ¢ £ (mod p) for all A € Abut |[ANB| € L (mod p) for distinct A, B € A. Then

Al < <Z)++<Z>

Proof. Repeat the proof of Theorem 5.3 but over GL(p) instead of R and with

fale) = [J(@a, ) =)

leL

Then fa(za) # 0 but fa(zg) = 0 for all B # A so the f4 (and the f4) are linearly
independent. O
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The following “uniform” version uses a different proof.

Theorem 5.5 (Frankl-Wilson, 1981). Let p be a prime number, let £ C N U {0},
|£| = s, suppose r € N is such that r ¢ £ (mod p). Let A C P[n] be such that |A| =r
(mod p) for all A € A and |[ANB| € L (mod p) for distinct A, B € A.

Suppose moreover that » ¢ {0,1,...,s — 1} (mod p). Then

A= (7).

Remark. The condition r ¢ {0,1,...,s — 1} (mod p) is an artefact of the proof. With
more work it can be replaced by say r + s < n.

Proof. Let A; and M;, 0 < i < s, be the |A| x (?) and the (7;) X (”) matrices whose

rows are indexed by A and [n]*) and whose columns are indexed by [n]®). The entry in

row A and column Bis1if AD Band 0if A 2 B.

Let V be the vector space over GL(p) spanned by the columns of A;. Then dim V' < (Z)
Note that if M is any (’;) x t matrix then the columns of A;M are in V.

Let A€ Aand I € [n]®). Then
(AsMi)ar = |{S € [n]®) : A> S > 1}

which is 0 if T ¢ A and ('?l:ll) if I ¢ A. Thus AM; = (Z:Z)AZ (mod p). By the
condition, (T_i) # 0 (mod p), so the columns of A; are in V.

s—i
Thus the columns of B; = A; A7 are in V. This is an |A| x |.A| matrix whose (4, B)
entry is [{I € [n]® : T C A, I C B}| = (|A?B|).
Consider the polynomial

¢(z) = [[(= - 0.

lel
Then ¢(r) # 0 but ¢(I) = 0 for all I € L over GF(p). Take scalars cg, ..., cs 80

gb(x):co(g) —I—--'+cs<i>.

Let B =coBy+ - -+ csBs. The (A, B) entry of B is ¢(|]AN B|). So B is zero (mod p)
off-diagonal and non-zero on-diagonal. So B is non-singular and its columns are in V.
Hence

|A| = rank B < dim V' < <Z> O

Corollary 5.6 (Ray-Chaudhuri, Wilson, 1975). Let A C [n](") and let £ = {|AN B| :
A,B € A A # B}. Then
n
A= ()
I£]

Proof. Clearly, r ¢ L and r > s = |£|. Choose a prime greater than r and apply
Theorem 5.5. O

We might ask whether Theorem 5.5 holds for non-primes p. Here is a special case.
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Theorem 5.7. Let ¢ < r be a prime power. Let A C [n](") be such that |[AN B| # r
(mod q) for distinct A, B € A. Then

A=)

Proof. Copy the previous proof but work over Q. Then A;M; = (Z:Z) A; so the columns
of A; are in V over Q. Let ¢(z) = (T;i?‘") and choose ¢y, . .., cs with

2 x
¢(z) = Zcz<l>
=0
where s = ¢ — 1. Then the (A, B) entry in B is ¢(|AN BJ).

If A = B the entry is ¢(r) = (q__ll) = (=1)7"1 £ 0 (mod p) where ¢ is a power of p. On
the other hand, the identity

is an identity in four integers and if » — [ # 0 (mod ¢) then ¢(I) = 0 (mod p). So B is
non-singular. O

Does Frankl-Wilson hold for non-prime moduli? Do we still obtain a polynomial bound,
if s is fixed?

Grolmusz (2000) gave examples where this fails. There exists a uniform family A C [n](")
where 7 =0 (mod 6) and |[ANB| # 0 (mod 6) for distinct A, B € A and

log?n
— 1 1)) —= "
|A| exp{(27 + o )) loglogn}

. _1
In this example, r ~ n'~27.



Chapter 6

Breathtaking Consequences

The graph on R™ has points of R™ as vertices and edges joining points at distance 1.
What is x(R™)? If n = 2, we know 4 < x(R?) < 7. In general, x(R") < 3" by tiling R"
with cubes. A compactness argument by Erdds and de Bruyn shows that there exist a
finite subgraph H with x(H) = x(R").

Corollary 6.1 (Frankl-Wilson, 1981).

X(R™) > (1.2 4 o(1))"™.
Proof. Let G be the subgraph spanned by

V= {\/127193/; LA C [n](zq‘l)} :

Then two points in V are distance 1 apart if and only if |[AN B| = ¢ — 1. If ¢ is a prime
or a prime power then no colour can be used more than (qﬁl) times by Theorem 5.7.
Hence

Take ¢ = (2 — v/2+ 0(1))% and ¢ prime. O

Even older and more famous is Borsuk’s Conjecture: every set of diameter 1 in R™ is
the union of n + 1 sets of diameter less than 1. This is true if n = 3, and if the sets are
smooth or centrally symmetric.

Corollary 6.2 (Kahn-Kalai, 1993). There is a set in R” of diameter 1 that is not the
union of 1.2V sets of diameter less than 1.

Proof. Choose m = 4q with (Tg) ~ n. Think of the coordinates of R™ as being the edges
of the complete graph [m]®.
For each subset A € [m](™/?) let v4 be the characteristic vector of the edges between A

and [m] — A. So v4 and Ulm]—A are equal; they have 4¢? ones. If A, B are two subsets
then

d*(va,vp) = 4i(2q — 1)
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where i = |[AN BY.

2q—1 i [m]-B

A [m]—A

Thus d?(va,vp) < 4¢? with equality if and only if |A N B| = q. Let

S = {17),4 leAe [m](m/2)}.
2q

Then diam(S) = 1 and |S| = %(m"/LQ) But if 77 C S has diameter less than 1 then
|AN B| # q for va,vp € 2¢T. Let

A={A—-1:v4 €2¢T}.

Then |A'NB'| # q—1for A, B' € A. Also A C [m]2¢=1). By Theorem 5.7, |T| = |A| <

(72:11) . Then

@

\Y
N[
Ss
N

ovn O

Recall that the simplest non-trivial case of Ramsey’s theorem asserts the existence of a
number R(t), the smallest n such that every colouring of the edges of K, with red and
blue yields a monochromatic K;.

2% — 2
R(t) < < 9%t
0= (7)<

It is easily shown that

Erdés showed \/it by means of an existential proof. We would like an explicit colouring.
It is trivial to colour K(;_1y2 with no monochromatic K; so R(t) > (t— 1)2 constructively.
But better polynomial bounds can be achieved.

Achieving super-polynomial bounds is trickier. Let G be the colouring of Ky where
N = (") where vertices are [n]™) and AB is red if |[AN B| # —1 (mod g). There ¢ is a

prime power and r > ¢ is chosen with r = —1 (mod ¢). Theorem 5.7 shows G has no
red K; if t > (qﬁl). If we take r = ¢®> — 1 then by Corollary 5.6 there is no blue K; if
t> (qfl).
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Corollary 6.3. This construction shows

R(t) > exp { <i + 0(1)> 1;?12;} |

Proof. Take n = ¢°. O

This remains the best known “construction”.

Remark. We could have used our non-uniform bounds to obtain essentially the same
result. The following example is due to Alon. Let p,q be two primes, r = pq — 1,
N = (7). Colour Ky on [n] (") by AB red if [ ANB| # —1 (mod ¢). Then there is no red
K; with t > (qﬁl) + -+ (8) by Theorem 5.4 or with ¢ > (qﬁl) by Theorem 5.5. There
is no blue K; if t > (pfl) + -+ (§) by Theorem 5.3 or ¢ > (pﬁl) by Corollary 5.6.

The bipartite Ramsey number BR(t) is the smallest N such that every red and blue
colouring or the edges of the complete bipartite graph K n contains a monochromatic
K. It is easy to show that

V2' < BR(t) < t2".
A “good” colouring of Ky y yields a “good” colouring of Ky by identification of pairs,

but the converse fails.

Until recently, the best known bipartite colouring was trivial BR(t) > t?. Barak-Rao—
Shealtiel-Wigderson (2006) showed

BR(t) > exp ((1og t)*®)

where w(t) — oo. The proof gives an algorithm which decides, for each edge in Ky n,
whether to colour it red or blue in polynomial time. Is this a construction?






Chapter 7

Shannon Capacity

We wish to transmit messages over some channel using an alphabet V', where some pairs
of letters can get confused. The confusion graph is the graph G with vertex set V where
ab € E(G) if a can be confused with b.

An independent set in a graph is a set of vertices spanning no edge. The independence
number a(G) is the maximum size of an independent set. So our effective alphabet size
is a(G).

If we have a memory of up to n letters, we are more interested in a(G™) where V(G") =
V(G)™ and

E(G™) ={(a1,...,an)(b1,...,by) : a; = b; or a;b; € E(G) for all i}.
We can send a(G"™) messages of length n.

Note if U € V(G)* is independent in G* and W C V(G)' is independent in G! then
U x W is independent in G**!. So

a(GF) > a(GF)a(GY).
By Fekete’s lemma, or superadditivity,

lim o(G™)Y™ = sup a(G™)Y/"

n—0oo neN

exists.
Definition. The Shannon capacity of G is
¢(@) = lim a(G™)Y™.

n—oo

It is the effective alphabet size for long messages.

Example. Let G = C5 on [5]. Then a(G) = 2 and
{(1,1),(2,3),(3,5), (4,2), (5, 4)}

is independent in G?, so a(G?) > 5.
Finding capacities with error correction comes down to finding the Shannon capacity of
another graph.

Suppose we have two disjoint channels with confusion graphs G, H. This corresponds
to one channel with confusion graph G U H where V(G U H) = V(G) U V(H) and
E(GUH)=EG)UJEH).
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Lemma 7.1.
c(GUH) > ¢(G) +c(H).

Proof. Exercise. O

Shannon (1956) conjectured that equality holds. Alon (1998) showed the conjecture is
utterly false. A crucial decision is to take H = G, because of the next lemma.

Lemma 7.2. Let n = |G| = |G| then

«(GUG) > V2n.
Proof. Label G as ay,...,a, and G as by,...,b, where aa; € F(G) if and only if
bib; ¢ E(G). Then
{(aib;) 11 <i<nyU{(bi,a;):1<i<n}

is an independent set of size 2n in (G U G)? so

(GUG) > \/a((GUG)?) > Vn. O

To find a counterexample we need a graph G with both a(G) and a(G) small. This is the
Ramsey problem and random graphs give excellent examples. But no-one can bound the
capacity of random graphs sufficiently from above. Our construction of Ramsey graphs
might work. The simplest construction was based on Theorem 5.3.

Let F be a field and M a subspace of F[X1,...,X,], the space of polynomials in r
variables over F'. A representation of a graph G over M is an assignment to each vertex
u € V(G) of a polynomial f, € M and a vector ¢, € F" such that f,(c,) # 0 and
fu(cy) = 0 for all distinct u,v € V(G) with uwv ¢ E(G).

Lemma 7.3. If G has a representation over M then a(G) < dim M.

Proof. It U = {uy,...,us} is an independent set in G, and if

Z)\zful =0

> " Xifui(ew,) = Ajfu; (cuy)
so Aj =0 for all j. So {fu,,-.., fu.} is a linearly independent subset of M. O

then

The usefulness of this idea hangs on the next lemma.

Lemma 7.4. If G has a representation over M and H has a representation over N,
both over the same field F', then GG - H has a representation over M ® N, so

a(G - H) < dim M dim N.
Here G - H has vertex set V(G) x V(H) and

E(G) ={(a,b)(d,t/):d’ =aorad € E(G),Y =bor bV € E(H)}.
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Proof. Let M C F[Xy,...,X,;] and N C F[Y1,...,Ys]. Let {gu,cu : u € V(G)} repre-
sent G and {hy,d, : v € V(H)} represent H. For (u,v) € V(G- H) let

f(u,v)(Xlw . .,Xr,)/i,. . ,}/5) = gu(le . 7Xr)hv(Y17- . ,Y;)

Clearly the polynomials f, ) lie in F[X1,..., X;, Y1,...,Y;], in a subspace of dimension
at most dim M dim N.

Moreover (cy,d,) € F'™5. Then the set

{f(u,'u)a (Cmdv) : ('LL,’U) € V(G ’ H)}

represents G - H since f(, y)(cu, dv') = gu(cur)ho(dy) and this is not 0 if (u,v) = (v, ')
but 0 if (u,v)(u',v") & E(G - H). O

Corollary 7.5. If G has a representation over M then
¢(G) < dim M.

Proof. By Lemma 7.4, a(G™) < (dim M)". O

How can we apply this to G U G? Note that G - G is a graph of order |G|?> with an
independent set of size |G|, so Lemma 7.4 says if we can represent G, G by M, N over
the same field F then dim M dim N > n so dim M +dim N > 2./n, so we cannot disprove
Shannon’s conjecture this way.

Try different fields. Let p,q be distinct primes and r = pg — 1. Let G be the graph
on vertex set [n]") where AB € E(G) if |JAN B| = —1 (mod p). Let M be the space
of multilinear polynomials in variables Xi,..., X, of total degree at most p — 1 over

GF(p). Then
n n
i < .
d1mM_<O>—|- +<p1>

Let N be the corresponding space with p replaced by q.

Lemma 7.6. G is representable over M.

Proof. For A € [n](") let x4 be its characteristic vector and

p—2

fa(@) =[] (w.2a) - )

Jj=0

over GF(p). Let fo € M be as in the proof of Theorem 5.3. Then {f4,z4: A € V(G)}
represents G over M. O

Lemma 7.7. G is representable over N.

Proof. Let
q—2
ga(@) = [ [ (@, 2a) — j)
§=0
over GF(q). If AB ¢ E(G) then |[AN B| = —1 (mod p); thus |[AN B| # —1 (mod gq),
else [ANB| = —1 (mod pq) so A = B. Thus {ja,z4 : A € [n]™} represents G over

N. O
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Theorem 7.8 (Alon, 1998). For each t € N there exists a graph G with ¢(G), c(G) < t

and )
- 1 log=t
U > — 1
(G G)_exp{(8+0( )) loglogt}

where o(1) — 0 as t — oo.

Proof. Pick primes p,q with ¢ < p < ¢+ o(q) and let n = p?. Let G be the graph just
constructed. Then

(@), c(G) < %_1 <7;> = dim M < 2<p” 1)

by Lemma 7.6, Lemma 7.7 and Corollary 7.5. On the other hand,

(GUG) > 2<pq”_ 1)

by Lemma 7.2 0



Chapter 8

The Lovasz 0 Function

An orthonormal representation (ONR) of a graph G is a collection of unit vectors in
R* some k, one for each vertex of G, such that non-adjacent vertices have orthogonal
vectors.

The tensor product of w € R¥ and v € R! is the vector u ® v in R¥; co-ordinate-wise, if
u=(u1,...,ug) and v = (vy,...,v;) then

URV = (UTV], URVT, « « +y UKV, ULV, URV, « « « s Uy V2« « y ULV, ULV, « .« « , URV]).
Notice (u®@v,u @ v') = (u, ') (v,v'). So if G has ONR {u;} and H has ONR {v;} then
G - H has ONR {u; ® v;}.

Thus, similar to before, if G is representable over R* then a(G) < k, a(G™) < k" so
c(G) <k.

We can do better if all the vectors in the representation lie in similar directions. The
value of a representation is

1
val{u;} = min  max

cERE,|el|=1ieV(G) {c,u;)2

A vector ¢ attaining this minimum is called a handle.

Definition.
0(G) = min{val{u;} : {u;} represents G}.

Lemma 8.1.

a(G) < 6(Q).

Proof. If {u;} is an ONR and W C V/(G) is independent, then {u; : i € W} is an
orthogonal system, so
4 Z 2 2
val{u;} — {e,ui)” <

ieW

Lemma 8.2.
0(G-H) <6(G)I(H).

Proof. Take ONRs {u;}, {v;} for G, H together with handles c, d.

1 1
G(G) - mZaX <C’ Ui>27 j <d, 'UJ>2
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Now (u; ® vj, w; ® V) = (Ui, ug)(Vj, Um) 50 {u; @v;}isan ONR of G- H. Let e = c®d.
Then (e,e) = (¢,c)(d,d) =1 so e is a unit vector. Then
1 1 1

0(G - H) < - = =0(G)0(H). t
(G- H) < n%f?x (e,u; ® vj)? H%f?x (c,ui)? (d,v;)? (G)6(H)

Theorem 8.3. For any G, ¢(G) < 0(G).
Proof. By Lemma 8.1, a(G™) < §(G™). By Lemma 8.2, (G") < 0(G)". O

For over 20 years no-one knew ¢(C3). The best bounds were v/5 < ¢(Cs5) < 3.

Corollary 8.4 (Lovasz, 1979).
¢(Cs) = V5.

Proof. Consider an umbrella with handle ¢ and with five spokes. Gradually open it till
alternate spokes are orthogonal. It is easily checked that

(c,u;) =

Sl

s0 0(Cs) < V5. ]
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