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Chapter 1

Number Fields

De�nition. A number �eld K is a �nite �eld extension of Q. Its degree is [K : Q], i.e.,
its dimension as a Q-vector space.

De�nition. An algebraic number α is an algebraic integer if it satis�es a monic polyno-
mial with integer coe�cients. Equivalently, its minimal polynomial over Q should have
integer coe�cients.

De�nition. Let K be a number �eld. Its ring of integers OK consists of the elements
of K which are algebraic integers.

Proposition 1.1. (i) OK is a Noetherian ring.
(ii) rankZOK = [K : Q], i.e., OK is a �nitely generated abelian group under addition,

and isomorphic to Z⊕[K:Q].
(iii) For every α ∈ K there exists n ∈ N with αn ∈ OK .
(iv) OK is the maximal subring of K which is �nitely generated as an abelian group.
(v) OK is integrally closed, i.e., if f(X) ∈ OK [X] is monic and f(α) = 0 for some

α ∈ K then α ∈ OK .

Example.

Number �eld K Ring of integers OK

Q Z
Q(
√
d), d ∈ Z− {0, 1} squarefree Z[

√
d] if d ≡ 2, 3 (mod 4),

Z[(1 +
√
d)/2] if d ≡ 1 (mod 4)

Q(ζn), ζn a primitive nth root of unity Z[ζn]

Example. K = Q(
√
−3) = Q(ζ3) since ζ3 = (−1 +

√
−3)/2, OK = Z[ζ3].

1.1 Units

De�nition. A unit in a number �eld K is an element α ∈ OK such that α−1 ∈ OK .
The group of units in K is denoted by O×

K .

Example. For K = Q we have OK = Z and O×
K = {±1}. For K = Q(

√
−3) we have

OK = Z[(1 +
√
−3)/2] and O×

K = {±1,±ζ3,±ζ2
3}.
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Theorem 1.2 (Dirichlet's Unit Theorem). Let K be a number �eld. Then O×
K is a

�nitely generated abelian group. More precisely,

O×
K = ∆× Zr1+r2−1

where ∆ is the �nite group of roots of unity in K, and r1 and r2 denote the number of
real embeddings K ↪→ R and complex conjugate embeddings K ↪→ C with image not
contained in R, so r1 + 2r2 = [K : Q].

Corollary 1.3. The only number �elds with �nitely many units are Q and Q(
√
−D),

D > 0.

1.2 Factorisation

Example. Z has unique factorisation. We do not have this luxury in OK in general,
e.g., let K = Q(

√
−5) with OK = Z[

√
−5] then

6 = 2 · 3 = (1 +
√
−5)(1−

√
−5)

where 2, 3, 1±
√
−5 are irreducible and 2, 3 are not equal to 1±

√
−5 up to units.

Theorem 1.4 (Unique Factorisation of Ideals). Let K be a number �eld. Then every
non-zero ideal ofOK admits a factorisation into prime ideals. This factorisation is unique
up to order.

Example. In K = Q(
√
−5),

(6) = (2)(3) = (2, 1 +
√
−5)2(3, 1 +

√
−5)(3, 1−

√
−5)

= (1 +
√
−5)(1−

√
−5) = (2, 1 +

√
−5)(3, 1 +

√
−5)(2, 1 +

√
−5)(3, 1−

√
5)

where (2, 1 +
√
−5), (3, 1 +

√
−5), (3, 1−

√
−5) are prime ideals.

De�nition. Let A,B ⊂ OK be ideals. Then A divides B, A | B, if there exists C ⊂ OK

such that A · C = B. Equivalently, if in the prime factorisations

A = Pm1
1 · · ·Pmk

k , B = Pn1
1 · · ·Pnk

k

we have mi ≤ mi for all 1 ≤ i ≤ k.

Remark. (i) For α, β ∈ OK , (α) = (β) if and only if α = βu for some u ∈ O×
K .

(ii) For ideals A,B ⊂ OK , A | B if and only if A ⊃ B.
(iii) To multiply ideals, just multiply their generators, e.g.,

(2)(3) = (6)

(2, 1 +
√
−5)(3, 1 +

√
−5) = (6, 2 + 2

√
−5, 3 + 3

√
−5,−4 + 2

√
−5)

= (6, 1 +
√
−5)

= (1 +
√
−5).

(iv) Addition of ideals works completely di�erently, simply combine the generators,
e.g.,

(2) + (3) = (2, 3) = (1) = OK .
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1.3 Ideals

Example. K = Q(
√
−5), OK = Z[

√
−5].

0

√
−5
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An ideal is, in particular, a sublattice of OK . In fact, it always has �nite index in OK .

Lemma 1.5. Let K be a number �eld, α ∈ OK −{0}. Then there exists β ∈ OK −{0}
such that αβ ∈ Z.

Proof. Let f ∈ Z[X] be the minimal polynomial of α, so

f(X) = (X − α)(X − γ1) · · · (X − γn)

in a splitting �eld. Observe that α
∏
γi = N ∈ Z− {0}, so∏
γi =

N

α
∈ K

and all γi are algebraic integers, so

β =
∏

γi ∈ OK − {0}

with αβ = N ∈ Z− {0}.

Corollary 1.6. Let A ⊂ OK be a non-zero ideal. Then [OK : A] is �nite, i.e., rankZA =
[K : Q].

Proof. Let α ∈ A−{0} and β ∈ OK such that αβ = N ∈ Z−{0}, and N ∈ A ⊂ OK as
A is an ideal.

[OK : A] ≤ [OK : (α)] ≤ [OK : (N)]
= [OK : NOK ]

= |N |[K:Q] <∞.
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De�nition. The norm of a non-zero ideal A is the index [OK : A].

Lemma 1.7. Let α ∈ OK − {0}. Then

|NK/Q(α)| = N
(
(α)

)
.

Proof. Let v1, . . . , vn be a Z-basis for OK . Write Tα : K → K for the Q-linear map
x 7→ αx. Then

NK/Q(α) = detTα

= det(αv1, . . . , αvn)
= ±[〈v1, . . . , vn〉 : 〈αv1, . . . , αvn〉]
= ±[OK : αOK ]
= ±N((α)).

1.4 Ideal Class Groups

Let K be a number �eld. De�ne an equivalence relation ∼ on non-zero ideals by A ∼ B
if A = λB for some λ ∈ K×. The ideal class group Cl(K) of K is the set of equivalence
classes. This is in fact a group, the group structure comes from multiplication of ideals.
The identity element is the class of principal ideals.

In particular, OK is a unique factorisation domain if and only if Cl(K) = 1.

Theorem 1.8. Cl(K) is �nite.

Exercise. Let K = Q(
√
−D) be an imaginary quadratic �eld. Then two non-zero

ideals belong to the same class in Cl(K) if and only if the lattices they give in C are
homeothetic, i.e., related by scaling and rotation about 0.

1.5 Primes and Modular Arithmetic

De�nition. A prime P in a number �eld K is a non-zero prime ideal in OK . Its residue
�eld is OK/P .

Example. K = Q, OK = Z, P = (p), OK/P = Z/(p) = Fp, where p is a prime number.

De�nition. The absolute residue degree of P is

[OK/P : Fp],

where p = charOK/P .

Lemma 1.9. OK/P is a �nite �eld.

Proof. P is a prime ideal hence OK/P is an integral domain and

|OK/P | = [OK : P ] = N(P ) <∞,

hence OK/P is a �eld.
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Note that |OK/P | = N(P ).

Example. K = Q(i), OK = Z[i].

(i) P = (2 + i) then OK/P ∼= F5 with representatives 0, i, i+ 1, 2i, 2i+ 1.
(ii) P = (3) then OK/P ∼= F9.

Notation. If A ⊂ OK is a non-zero ideal we say that

x ≡ y (mod A)

if x− y ∈ A.

Lemma 1.10. Let A,B ⊂ OK be ideals with prime factorisations

A =
k∏

i=1

Pmi
i , B =

k∏
i=1

Pni
i

where mi, ni ≥ 0 and the Pi are distinct prime ideals. Then

(i) A ∩B =
∏

i P
max{mi,ni}
i ,

(ii) A+B =
∏

i P
min{mi,ni}
i .

Proof. (i) This is the largest ideal contained in both A and B.
(ii) This is the smallest ideal containing both A and B.

Lemma 1.11. Let P be prime in K. Then

(i) |OK/P
n| = N(P )n,

(ii) Pn/Pn+1 ∼= OK/P as OK-modules.

Proof. Note (ii) implies (i) by writing

|OK/P
n| = |OK/P ||P/P 2| · · · |Pn−1/Pn| = N(P )n.

By unique factorisation, Pn 6= Pn+1. Pick π ∈ Pn \ Pn+1 and de�ne

φ : OK → Pn/Pn+1, x 7→ πx mod Pn+1

then

kerφ = {x : πx ∈ Pn+1}
= {x : Pn+1 | (π)(x)}
= {x : P | (x)}
= P.

Note Imφ = Pn/Pn+1 for otherwise Pn ) π + Pn ) Pn+1, a contradiction by unique
factorisation. Now apply the First Isomorphism Theorem.

Theorem 1.12 (Chinese Remainder Theorem). Let K be a number �eld, P1, . . . , Pk

distinct prime ideals. Then

OK/P
n1
1 · · ·Pnk

k
∼= OK/P

n1
1 × · · · × OK/P

nk
k

via

x mod Pn1
1 · · ·Pnk

k 7→ (x mod Pn1
1 , . . . , x mod Pnk

k ).
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Proof. Let

ψ : OK → OK/P
n1
1 × · · · × OK/P

nk
k

x 7→ (x mod Pn1
1 , . . . , x mod Pnk

k ).

Then

kerψ = {x : ∀i x ∈ Pni
i } =

⋂
Pni

i =
∏

Pni
i .

We claim Imψ contains (0, . . . , 0, 1, 0, . . . , 0), so ψ is surjective. Then by the First
Isomorphism Theorem the result follows. Indeed, by Lemma 1.10,

P
nj

j + P = OK = OK = (1)

where P =
∏

i6=j P
ni
i . Hence there exist α ∈ P

nj

j , β ∈ P with α + β = 1. Then β ≡ 0
(mod P ), β ≡ 1 (mod Pnj

j ), so ψ(β) = (0, . . . , 0, 1, 0, . . . , 0).

Remark. The Chinese Remainder Theorem says we can solve congruences

x ≡ a1 (mod pn1
1 )

...

x ≡ ak (mod pnk
k )

for any given a1, . . . , ak. This is called the Weak Approximation Theorem.

Corollary 1.13.

N(AB) = N(A)N(B).

Corollary 1.14.

N(A) ∈ A.

1.6 Factorising Primes

Example. Take primes in Q and factorise them in Q(i).

(2) = (1 + i)2 (3) = (3) (5) = (2 + i)(2− i)
(7) = (7) (11) = (11) (13) = (3 + 2i)(3− 2i)

Remark. If P is a prime of Q(i) then P 3 N(P ) ∈ Z, so P contains a prime number p
so P | (p). In other words, factorising 2, 3, 5, 7, . . . we �nd all primes in Q(i).

De�nition. Let L/K be an extension of number �elds, and A ⊂ OK an ideal. The
conorm of A is the ideal AOL of OL, i.e., it is generated by the elements of A. Equiva-
lently, if A = (α1, . . . , αn) as an OK-ideal then AOL = (α1, . . . , αn) as an OL-ideal.

In particular, (AOL)(BOL) = (AB)OL, and if M/L/K is a tower of number �elds then
AOM = (AOL)OM .

De�nition. Let L/K be an extension of number �elds. Say a prime Q of L lies above

a prime P of K if Q | POL. Equivalently, Q ⊃ P .
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Lemma 1.15. Let L/K be an extension of number �elds. Every prime Q of L lies
above a unique prime of K: Q lies above Q ∩ OK .

Proof. Let Q be a prime of L. Then Q∩OK is an ideal of OK , clearly also a prime ideal.
Q ∩ OK 3 N(Q) hence is non-empty, so Q ∩ OK is a prime. So Q lies above Q ∩ OK .

For uniqueness, note that if Q lies above P and P ′ then Q ⊃ P + P ′ = (1) so 1 ∈ Q,
contradiction.

Lemma 1.16. Suppose Q ⊂ OL lies above P ⊂ OK . Then OL/Q is an extension of
OK/P .

Proof. Let φ : OK/P → OL/Q, x mod P 7→ x mod Q. This is well-de�ned since Q ⊃ P ,
and this is a ring homomorphism sending 1 to 1, so it is an embedding of �elds.

De�nition. If Q lies above P , its relative residue degree is

fQ/P = [OL/Q : OK/P ].

Its rami�cation degree eQ/P de�ned by

QeQ/P | POL, QeQ/P +1 - POL.

Therefore,

POL =
∏

i

Q
eQi/P

i

and Qi has residue �eld an extension of the residue �eld of P of degree fQi/P .

De�nition. • If fQ/P 6= 1 then Q/P is inert.
• If eQ/P 6= 1 then Q/P is rami�ed.
• If eQ/P = 1 then Q/P is unrami�ed.

Lemma 1.17. Suppose M/L/K is a tower of number �elds and we have primes R over
Q over P in M,L,K, respectively. Then

(i) eR/P = eR/QeQ/P ,
(ii) fR/P = fR/QfQ/P .

Proof. (i) Just factorise POM .
(ii) By the tower law,

[OM/R : OK/P ] = [OM/R : OL/Q][OL/Q : OK/P ].

Proposition 1.18. Let L/K be an extension of number �elds, A ⊂ OK a non-zero
ideal. Then

N(AOL) = N(A)[L:K].

Proof. If α ∈ K then
|NK/Q(α)|[L:K] = |NL/Q(α)|.

As |NK/Q(α)| = N
(
(α)

)
and similarly over L, we have

N(AOL) = N(A)[L:K]

if A is principal. In general, Ak = A · · ·A is principal for some k ∈ N by �niteness of
Cl(K). As N(A)k = N(Ak), the result follows.
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Theorem 1.19. Let L/K be an extension of number �elds. Let P be a prime of K and
decompose

POL =
m∏

i=1

Qei
i

with ei = eQi/P for distinct primes Qi. Then

m∑
i=1

eifi = [L : K].

Theorem 1.20 (Kummer�Dedekind). Let L/K be an extension of number �elds,
suppose OL ⊃ OK [α] with �nite index N . Let the minimal polynomial of α be
f(X) ∈ OK [X].

Let P be a prime of K with gcd(N, |OK/P |) = 1. If f(X) ≡
∏m

i=1 ḡ
ei
i (mod P ) for

distinct irreducibles ḡi and ḡi ≡ gi (mod P ) then

POL =
m∏

i=1

Qei
i

with distinct primes Qi and

eQi/P = ei,

fQi/P = deg ḡi(X),

Qi = POL + gi(α)OL.

Remark. We cannot always assume α is such that [OL : OK [α]] = 1. But by the
Primitive Element Theorem, we can �nd α such that [OL : OK [α]] <∞.

Example. Let K = Q, L = Q(ζ5), OL = Z[ζ5] and α = ζ5. Then N = 1 and

f(X) =
X5 − 1
X − 1

= X4 +X3 +X2 +X + 1.

For the prime integers 2, . . . , 19 we have the following.

(2) f(X) (mod 2) is irreducible
(3) f(X) (mod 3) is irreducible
(5) f(X) ≡ (X − 1)4 (mod 5)
(7) f(X) (mod 7) is irreducible
(11) f(X) ≡ (X − 4)(X − 9)(X − 5)(X − 3) (mod 11)
(13) f(X) (mod 13) is irreducible
(17) f(X) (mod 17) is irreducible
(19) f(X) ≡ (X2 + 5X + 1)(X2 − 4X + 1) (mod 19)

2

(2)

3

(3)

5

(5,ζ5−1)4
%%%%%%%%%%%%%%%%%%%%%%%%

!!!!!!!!!!!!!!!!!!!!!!!

�����������������������

������������������������
11

• • • •
!!!!!!!!!!!!!!!!!!!!!!!

�����������������������
19

• •

Q

Q(ζ5)
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De�nition. Let L/K be an extension of number �elds, P prime in K, POL =
∏N

i=1Q
ei
i

for distinct primes Qi in L. Then P

• splits completely if N = [L : K]
• splits if N > 1
• is totally rami�ed if N = 1 = fQ/P , eQ/P = [L : K].

If L/K is Galois then it turns out that for all i, j

eQi/P = eQj/P , fQi/P = fQj/P .

In this case say P is

• rami�ed if eQi/P > 1,
• unrami�ed if eQi/P = 1,
• inert if POL is prime.

Example. Let K = Q, L = Q(ζpn) for an odd prime p. Then OL = Z[ζpn ]. In
Kummer�Dedekind, take α = ζ so

f(X) =
Xpn − 1
Xpn−1 − 1

≡ (X − 1)pn−pn−1
(mod p).

So p is totally rami�ed in Q(ζpn). If q 6= p is prime then Xpn − 1 has distinct roots in
F̄q as gcd(Xpn − 1, pnXpn−1) = 1 in Fq[X], hence f(X) has distinct roots in F̄q, so q is
unrami�ed in Q(ζpn).

Proof (Theorem 1.20). Write A = OK [α], F = OK/P , charOK/P = p. Considering the
map α 7→ X, we see that

A/(P, gi(α)) ∼= OK [X]/(f(X), P, gi(X))
∼= F[X]/(f̄(X), ḡi(X))
= F[X]/(ḡi(X))

is a �eld of degree deg gi(X) over F as gi(X) is irreducible.

Consider φ : OL
·N−→ OK [α] = A→ A/(P, gi(α)). φ is surjective, as ·N is an isomorphism

on A/(P, gi(α)). If x ∈ kerφ then Nx ∈ PA+ gi(α)A but px ∈ PA ⊂ PA+ gi(α)A so
x ∈ PA + gi(α)A as gcd(N, p) = 1. In particular, x ∈ Qi. Conversely, if x ∈ Qi then
Nx ∈ PNOL + gi(α)NOL ⊂ PA+ gi(α)A so x ∈ kerφ. Thus

OL/Qi
∼= A/(P, gi(α))

so Qi is prime and fQi/P = deg ḡi.

For i 6= j, gcd(ḡi(X), ḡj(X)) = 1 so we �nd λ(X), µ(X) ∈ OK [X] such that λ(X)gi(X)+
µ(X)gj(X) ≡ 1 (mod P ). Then

Qi +Qj = POL + gi(α)OL + gj(α)OL 3 λ(α)gi(α) + µ(α)gj(α)

so 1 ∈ Qi +Qj and Qi 6= Qj .

Note that ∏
i

Qei
i =

∏
i

(POl + gi(α)OL)ei
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⊂ POL +
(∏

i

gi(α)ei

)
OL

⊂ POL

as
∏

i gi(α)ei ≡ f(α) ≡ 0 (mod P ). But

N
(∏

i

Qei
i

)
=

∏
i

(
|F|fi

)ei = |F |deg f = N(POL)

by Proposition 1.18. Hence POL =
∏

iQ
ei
i .

Proposition 1.21. Suppose L/Q is �nite, α ∈ OL such that L = Q(α) and the minimal
polynomial of α is f(X) ∈ Z[X]. Suppose f(X) mod p has distinct roots in F̄p. Then
[OL : Z[α]] is coprime to p. (So Theorem 1.20 applies.)

Proof. Let F be a splitting �eld of f , f(X) =
∏n

i=1(X−αi). Pick a prime P in F above
p.

F

Galois

P

L

::
::

::

������

Q (p)

Then modulo P , f̄(X) =
∏n

i=1(X − ᾱi), where ᾱi are distinct as OF /P is a �nite
extension of Fp, so ∏

i<j

(αi − αj) 6≡ 0 (mod P ).

Let β1, . . . , βn be a Z-basis for OL, so
1
α2

1
...

αn−1
1

 = M


β1

β2
...
βn


where M ∈ GLn(Z) with detM = [OL : Z[α]]. Write σ1, . . . , σn : L ↪→ F for the
embeddings with σi(α1) = αi. Then

∏
i<j

(αi − αj) =

∣∣∣∣∣∣∣∣∣∣∣

1 1 . . . 1
α1 α2 . . . αn

α2
1 α2

2 . . . α2
n

...
...

...

αn−1
1 αn−1

2 . . . αn−1
n

∣∣∣∣∣∣∣∣∣∣∣
= (detM)

∣∣∣∣∣∣∣∣∣
β1 σ2(β1) . . . σn(β1)
β2 σ2(β2) . . . σn(β2)
...

...
...

βn σ2(βn) . . . σn(βn)

∣∣∣∣∣∣∣∣∣
= [OL : Z[α]]B

for some B ∈ OF .

Hence p - [OL : Z[α]].
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Proposition 1.22. Let K be a number �eld, P a prime of K. Suppose f(X) ∈ OK [X]
is with respect to P , i.e.,

f(X) = Xn + an−1X
n−1 + · · ·+ a1X + a0

with P | (ai) for i = 0, . . . , n− 1 and P 2 - (a0). Then f(X) is irreducible, and if α is a
root then K(α)/K is totally rami�ed.

Proof. See Local Fields.





Chapter 2

Decomposition of Primes

2.1 Action of Galois

Let F/K be a Galois extension of number �elds. Recall that Gal(F/K) = AutK(F ).

• F/K is normal, i.e., if f(X) ∈ K[X] is irreducible and it has a root in F then all
its roots lie in F .

• |Gal(F/K)| = [F : K].
• {H ≤ Gal(F/K)} is in bijection with {L : K ⊂ L ⊂ F} via H 7→ FH and
L 7→ Gal(F/L).

Example.

Q(ζ3,
3
√

2)

Q( 3
√

2)

LLLLLLLLLL

ssssssss
Q(ζ3)

JJJJJJJJ

sssssssss

Q

Lemma 2.1. Suppose F/K is Galois, g ∈ Gal(F/K). Then

(i) α ∈ OF =⇒ g(α) ∈ OF ; so Gal(F/K) acts on OF .
(ii) If A ⊂ OF is an ideal then g(A) is an ideal in OF .
(iii) If A,B ⊂ OF are ideals then g(AB) = g(A)g(B) and g(A+B) = g(A) + g(B).
(iv) Suppose Q is a prime of F above P of K. Then g(Q) is a prime of F above P , so

Gal(F/K) acts on the primes of F above P .
(v) eQ/P = eg(Q)/P , fQ/P = fg(Q)/P .

Proof. Clear.

Example. Let K = Q, F = Q(i), so OF = Z[i], Gal(F/K) = {ι, c = ·̄}. Note c �xes
(1 + i), c �xes the lattice of (3), and (5) = (2 + i)(2− i) and c swaps the two factors.

Theorem 2.2. Let F/K be a Galois extension of number �elds, P a prime of K. Then
Gal(F/K) acts transitively on the primes of F above P .

Proof. Let Q1, . . . , Qn be the primes of F above P . We are required to prove that there
exists g ∈ Gal(F/K) such that g(Q1) = Q2. Pick x ∈ OF with x ≡ 0 (mod Q1),
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i.e., x ∈ Q1, and x 6≡ 0 (mod Qi) for 1 < i, i.e., x 6∈ Qi. This exists by the Chinese
Remainder Theorem. Then ∏

h∈Gal(F/K)

h(x) ∈ OK ∩Q1 = P ⊂ Q2.

So for some g ∈ Gal(F/K), g(x) ≡ 0 (mod Q2), as Q2 is a prime ideal, but g(x) ≡ 0
(mod g(Q1)) and this is the only such prime above P .

Corollary 2.3. Suppose F/K is Galois. If Q1, Q2 are primes of F above P a prime of
K then

eQ1/P = eQ2/P , fQ1/P = fQ2/P .

2.2 Decomposition Group

Suppose F/K is a Galois extension of number �elds, P a prime ofK, andQ = Q1, . . . , Qn

the primes above P .

De�nition. The decomposition group DQ of Q above P is the subgroup of Gal(F/K)
�xing Q, i.e.,

DQ = StabGal(F/K)(Q).

Remark. g ∈ DQ �xes Q, so it acts on OF /Q by x + Q 7→ g(x) + Q, and given an
automorphism of OF /Q �xing OK/P there is a natural map

DQ → Gal
(
(OF /Q)/(OK/P )

)
.

Example. Let K = Q, F = Q(i), so OF = Z[i], Gal(F/K) = {ι, c = ·̄}. Look at (3),
its residue �eld is F9. c ∈ D(3), c(a + bi) = a − bi = (a + bi)3 (mod (3)), i.e., c acts as
x 7→ x3 on F9, i.e., as the Frobenius automorphism.

Theorem 2.4. The map DQ → Gal
(
(OF /Q)/(OK/P )

)
is surjective.

Proof. Pick β ∈ OF /Q with OF /Q = OK/P [β], e.g., β a generator for (OF /Q)×.
Say β has minimal polynomial f(X) over OK/P with roots β = β1, β2, . . . , βn. Note
βi ∈ OF /Q since F/K is Galois.

It su�ces to show that there exists g ∈ Gal(F/K) such that g(Q) = Q and g(β) = β2.

Pick α ∈ OF with α ≡ β (mod Q) and α ≡ 0 (mod Q′) for all Q′ 6= Q above P .
Say F(X) is the minimal polynomial of α over K with roots α = α1, . . . , αr. Note
α1, . . . , αr ∈ OF .

F(X) mod Q has β as a root, its roots are αi mod Q, so is divisible by the minimal
polynomial of β, hence has β2 as a root. Without loss of generality, α2 ≡ β2 (mod Q).

Pick g ∈ Gal(F/K) with g(α) = α2. Then g(α) 6≡ 0 (mod Q) so g(Q) = Q so g ∈ DQ/P .
Also g(β) = β2 as β ≡ α (mod Q), β2 ≡ g(α) (mod Q).

Corollary 2.5. Let K be a number �eld, f(X) monic irreducible over K of degree n
and with coe�cients in OK . Suppose F is the splitting �eld of f(X). Let P be a prime
of K and assume

f(X) = g1(X) · · · gm(X) (mod P )

with gi(X) distinct irreducible polynomials over OK/P . Then Gal(F/K) ⊂ Sn contains
an element of cycle type (deg g1, . . . ,deg gm).
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Proof. Let Q be a prime of F above P . Let α1, . . . , αn be the roots of f(X), note that
αi mod Q are roots of f(X) mod P , and are distinct in OF /Q.

Therefore, the action of g ∈ DQ/P on α1, . . . , αn is exactly the same as on α1 mod
Q, . . . , α1 mod Q.

Take g ∈ DQ/P which maps to the generator of Gal
(
(OF /Q)/(OK/P )

)
, it has the correct

cycle type in its action on αi mod Q.

De�nition. Suppose F/K is a Galois extension of number �elds, Q a prime above P .
The inertia group IQ/P is the subgroup of DQ/P that acts trivially on OF /Q.

IQ/P = ker
(
DQ/P → (OF /Q)/(OK/P )

)
.

This is surjective, so

DQ/P /IQ/P
∼= Gal

(
(OF /Q)/(OK/P )

)
.

The right-hand side is cyclic generated by the Frobenius element φ : x 7→ x|OK/P |. The
(arithmetic) Frobenius element FrobQ/P is the element ofDQ/P /IQ/P that φ corresponds
to, e.g., in the corollary, IQ/P is trivial and FrobQ/P acts as an element in Sn of cycle
type (deg g1, . . . ,deg gm).

Lemma 2.6. Suppose F/K is Galois, Q a prime of F above P , a prime of K. Then

(i) |DQ/P | = eQ/P fQ/P ,
(ii) the order of FrobQ/P is fQ/P ,
(iii) |IQ/P | = eQ/P .

If K ⊂ L ⊂ F is an intermediate �eld and S a prime below Q then

(iv) DQ/S = DQ/P ∩Gal(F/L),
(v) IQ/S = IQ/P ∩Gal(F/L).

Proof. (i) If n is the number of primes of F above P then

n|DQ/P | = |Gal(F/K)|

using Orbit-Stabiliser and Theorem 2.2

= [F : K]

=
n∑

i=1

eifi

= neQ/P fQ/P .

(ii)

fQ/P = [OF /Q : OK/P ]

=
∣∣Gal

(
(OF /Q)/(OK/P )

)∣∣
which is the order of the Frobenius element.

(iii) |DQ/P | = |IQ/P |(order of Frobenius).
(iv) From the de�nition.
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(v) From the de�nition.

Example. Let K = Q, F = Q(ζp), so OF = Z[ζp]. Let q 6= p be a prime number and
Q a prime of F above (q).

Then F/K is unrami�ed at Q, so IQ/(q) = {ι}. FrobQ/(q) acts on OF /Q by x 7→ xq. Note
OK/(q) is generated by the image of ζp, so Frobn

Q/(q) = ι if and only if Frobn
Q/(q)(ζp) = ζp

mod Q if and only if ζqn

p = ζp mod Q if and only if ζqn

p = ζp, because ζ
i
p are distinct

modulo Q for 0 < i < p as Xp − 1 has distinct roots modulo Q. That is, the order of
FrobQ/(q) is the order of q in (Z/pZ)×, which is thus also equal to fQ/(q).

2.3 Counting Primes

Lemma 2.7. Let F/K be a Galois extension of number �elds.

(i) Primes of K are in bijection with Gal(F/K)-orbits of primes of F , via P 7→
{primes of F above P}.

(ii) IfQ is a prime of F above P then gDQ/P 7→ g(Q) for g ∈ Gal(F/K) is a Gal(F/K)-
set isomorphism from G/DQ/P to the set of primes of F over P .

(iii) Dg(Q)/P = gDQ/P g
−1, Ig(Q)/P = gIQ/P g

−1 for g ∈ Gal(F/K).

Proof. (i) Follows from the transitivity of Gal(F/K) on primes above P , see Theo-
rem 2.2.

(ii) Elementary group theory check.
(iii) Elementary check.

Remark. Suppose G is a �nite group. Then

{transitive G-sets}/ ∼= oo 1−1 // {subgroups D ≤ G}/conjugacy

X
� // Stab(point)

G/D oo �
D

In particular, X ∼= G/ Stab(point).

Corollary 2.8. Let F/K be a Galois extension of number �elds, L an intermediate
�eld. Let P be a prime of K, Q = Q1, . . . , Qn the primes of F above P . Then

{primes of L above P} oo // {Gal(F/L)-orbits of Q1, . . . , Qn}

oo // {Gal(F/L)−DQ double cosets in Gal(F/K)}

via the map taking S to the elements of G that take Q to a prime above S.

Remark (Double cosets). Suppose D,H ≤ G then a D−H double coset is a set of the
form DgH = {dgh : d ∈ D,h ∈ H}.
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Example. Let K = Q, F = Q(ζ5,
5
√

2), a splitting �eld of X5 − 2.

F

L = Q( 5
√

2)

4
lllllllll

Q(ζ5)

5
OOOOOOOO

Q
5

RRRRRRRRR 4

pppppppp

Let p = 73. Note p is unrami�ed in Q(ζ5), and p is unrami�ed in Q( 5
√

2), as X2 − 5 has
distinct roots modulo 73. Thus, if Q is a prime of F above 73 then eQ | 4, eQ | 5, hence
eQ = 1 and IQ = 1.

73 generates (Z/5Z)×, so there exist a unique prime in Q(ζ5) above it, with residue
degree 4.

DQ/IQ is cyclic, hence DQ is cyclic of order divisible by 4. Thus DQ = C4 ≤ S5.

Without loss of generality, DQ �xes 5
√

2.

So the set of primes of F above 73 is isomorphic to Gal(F/K)/DQ as a Gal(F/K)-set,
and also

Gal(F/K)/DQ
∼= { 5

√
2, ζ5

5
√

2, ζ2
5

5
√

2, ζ3
5

5
√

2, ζ4
5

5
√

2}.
Therefore, there exist two primes above 73 in Q( 5

√
2).

Note if D,H ≤ G are �nite groups then H −D double cosets are H-orbits on G/D (G
acts on the left, HgD), which are the same as D-orbits on H\G (G acts on H\G via
x(Hg) = Hgx−1).

Lemma 2.9. Suppose F/K is a Galois extension of number �elds, and L is an interme-
diate �eld. Let G = Gal(F/K), H = Gal(F/L), D = DQ the decomposition group of a
prime Q of F above a prime P of K. Then

{embeddings L ↪→ F} → H\G
g ◦ ι 7→ Hg−1

is a G-set isomorphism. In particular, the number of primes of L above P is equal to
the number of DQ-orbits on the set of embeddings L ↪→ F .

Proof. Elementary check.

Remark. (i) If G is a �nite group, X a G-set, then

# G-orbits on X = 〈I,C[X]〉.

(ii) If X is a transitive G-set, S the stabiliser of a point in X, then

C[X] = IndG
S I.

(iii) Suppose

F

G

H
<<

<<
<<

Q = Q1

55
55

55
55

55
55

5 Q2 . . . Qn

~~
~~

~~
~~

~~
~~

~~
~~

L

��
��

��

K P
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Then the number of H-orbits on primes above P is equal to

〈IH ,C{primes above P}〉H = 〈IH ,ResG
H IndG

D I〉H .

If D = DQ then the number of D-orbits on embeddings L ↪→ F is equal to

〈ID, {L ↪→ F}〉D = 〈ID,ResG
D IndG

H I〉D.

That these are equal is an instance of Frobenius reprocity (see Representation

Theory).

2.4 Induced Representations

Let G be a �nite group. The permutation representation is the following. If G acts on
X = {x1, . . . , xn} we associate to it the representation of C[X] of dimension n = |X|
with basis x1, . . . , xn and action

g
∑

λixi =
∑

λig(xi).

The number of G-orbits on X is
〈I,C[X]〉.

The character formula is

χC[X](g) = # of �xed points of g on X.

Let H ≤ G of index n, V an H-represention. O�cially,

IndG
H V = HomC[H](C[G], V )

so dim IndG
H V = n dimV . Concretely, if g1, . . . , gn are coset representatives for H take

IndG
H V = V ⊕ · · · ⊕ V (n times) with G-action

g(0, . . . , 0, v, 0, . . . , 0) = (0, . . . , 0, h(v), 0, . . . , 0)

where v is in the ith place, h(v) in the jth place and ggi = gjh for some h ∈ H.

Note if V = I then IndG
H V = C[G/H].

We have the character formula

χIndG
H V (g) =

1
|H|

∑
z∈G

zgz−1∈H

χV

(
zgz−1

)
.

2.5 Induction and Restriction

Consider the character tables of S3 and S4.

S3 1 (xy) (xyz)
I 1 1 1

sign ε 1 −1 1
acs on ∆ ρ 2 0 −1
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S4 1 (xy) (xyz) (xy)(zw) (xyzw)
I 1 1 1 1 1
S 1 −1 1 1 −1

S4/Kleingroup ∼= S3 T 2 0 −1 2 0
C[{1, 2, 3, 4}]− I V 3 1 0 −1 −1
V ⊗ S W 3 −1 0 −1 1

We observe the following identities

Res I = I ResS = ε ResT = ρ

ResV = ρ⊕ I ResW = ρ⊕ ε

Ind I = I⊕ V Ind ε = S ⊕W Ind ρ = T ⊕ V ⊕W

which we can visualise as follows:

I
TTTTTTTTTTTTTT

S

TTTTTTTTTTTTT I

T

TTTTTTTTTTTTT ε

V

uuuuuuuuuuuuuuu
ρ

W

uuuuuuuuuuuuuuu

jjjjjjjjjjjjj

Theorem 2.10 (Frobenius reciprocity). H ≤ G, V an H-representation, W a G-
representation. Then

〈V,ResW 〉H = 〈IndV,W 〉G.

Proof. TODO. Provide reference.

Theorem 2.11 (Mackey's formula). D,H ≤ G, ρ a D-representation. Let X =
{x1, . . . , xn} be a set of H−D double coset representatives. For x ∈ X let ρx(xgx−1) =
ρ(g), a representation of xDx−1. Then

ResG
H IndG

D ρ =
⊕
x∈X

IndH
xDx−1∩H ResxDx−1

xDx−1∩H ρx.

Proof. TODO. Provide reference.

2.6 Counting More Primes

Fix the following setting. Let F/K be a Galois extension of number �elds, G =
Gal(F/K), H ≤ G, L = FH , Q a prime of F above S a prime of L above P a prime of
K, OK/P = Fpk , DQ/P = D, IQ/P = I / D.

If n | fQ/P let ψn : D → GL1(C) ∼= C× be a 1-dimensional representation of D, with
ψn(I) = {1} and ψn(FrobQ/P ) = ζn, i.e.,

ψn : D → D/I = 〈FrobQ/P 〉 → C×,FrobQ/P 7→ ζn.

If n - fQ/P set ψn = 0.
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Lemma 2.12. The number of primes of L above P is

〈I,ResG
D IndG

H I〉D.

Proof. IndG
H I = C[H\G] so the right-hand side is the number of H −D cosets.

Lemma 2.13. n | fS/P if and only if ResD
DQ/S

ψn = I. This is also equivalent to

〈ResD
DQ/S

ψn〉DQ/S
= 1.

Proof. If n - fQ/P then n - fS/P by multiplicity of f . Assume n | fQ/P . If g ∈ D acts on

OF /Q as g(x) = x(pk)
t

then ψn(g) = ζt
n so ResD

DQ/S
ψn = I if and only if all g ∈ DQ/S

�x Fpkn if and only if

OL/S = (OF /Q)DQ/S ⊃ Fpkn ,

using Theorem 2.4, if and only if n | fS/P .

Proposition 2.14. The number of primes R of L above P with n | fR/P is

〈ψn,ResH
D IndG

H I〉.

Proof. If n - fQ/P the result is clear, so assume n | fQ/P .

Let X = {x1, . . . , xn} be a set of representatives of H −D double cosets, so X bijects
with the primes in L above P via the map sending x to the prime of L below x(Q), by
Corollary 2.8.

Note that ψx
n : Dx(Q) → C× satis�es the de�nition of ψn for the prime x(Q). By

Lemma 2.13, the number of primes R of L above P with n | fR/P is∑
x∈X

〈ResxDx−1

H∩xDx−1 ψ
x
n,ResH

H∩xDx−1 I〉 =
∑
x∈X

〈IndH ResH∩xDx−1 ψx
n, I〉

= 〈
⊕

IndH ResH∩xDx−1 ψx
n, I〉H

= 〈ResG
H IndG

D ψn, I〉H
= 〈ψn,ResG

D IndG
H I〉

using Frobenius reciprocity and Mackey's formula.



Chapter 3

L-Series

We will prove the following statements.

(i) If (a,N) = 1 then there exists in�nitely many primes p with p ≡ a (mod N).
(ii) If f(X) ∈ Z[X] is monic and f(X) (mod p) has a root for all primes p then f(X)

is irreducible.

De�nition. An (ordinary) Dirichlet Series is a series

f(s) =
∞∑

n=1

ann
−s

with an ∈ C, s ∈ C and we write s = σ + it.

3.1 Convergence Properties

Lemma 3.1 (Abel's Lemma).

M∑
n=N

anbn =
M−1∑
n=N

( n∑
k=N

ak

)
(bn − bn+1) +

( M∑
k=N

ak

)
bM .

Proof. Elementary rearrangement.

Proposition 3.2. Let λn →∞ be an increasing sequence of positive reals. If the series

f(s) =
∞∑

n=1

ane
−λns

converges for s = s0 it converges uniformly in every domain of the form <(s) > <(s0),
−A ≤ arg(s− s0) ≤ A for 0 < A < π

2 . In particular, it converges for <(s) > <(s0) and
de�nes an analytic function there.

Proof. The second statement follows from the �rst, since a uniform limit of analytic
functions is analytic. For the �rst statement, WMA s0 = 0 (by setting s′ = s − s0,
a′n = e−λns0an). Let ε > 0. Now by assumption

∑
an converges, so there exists N0 such

that for all N,M ≥ N0 ∣∣∣∣ M∑
n=N

an

∣∣∣∣ ≤ ε.
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Thus we have∣∣∣∣ m∑
n=N

ane
−λns

∣∣∣∣ =
∣∣∣∣M−1∑
n=N

( n∑
k=N

ak

)
(e−λns − e−λn+1s) +

( M∑
k=N

ak

)
e−λMs

∣∣∣∣
≤ ε

M−1∑
n=N

|e−λns − e−λn+1s|+ ε

Note that

|e−αs − e−βs| =
∣∣∣∣s∫ β

α
e−xs dx

∣∣∣∣
≤ |s|

∫ β

α
|e−xs| dx

= |s|
∫ β

α
e−xσ dx

=
|s|
σ

(e−ασ − e−βσ)

for 0 < α < β and where σ = <(s). Hence

∣∣∣∣ M∑
n=N

ane
−λns

∣∣∣∣ ≤ ε
|s|
σ

M−1∑
n=N

(
e−λnσ − e−λn+1σ

)
+ ε

= ε

(
|s|
σ

(e−λNσ − e−λMσ) + 1
)

≤ ε

(
|s|
σ

+ 1
)

≤ ε(K + 1)

for some K > 0 independent of s, by choice of our domain.

Proposition 3.3. Let λn →∞ be an increasing sequence of positive reals. Suppose an

are real and positive for all n. Suppose the series

f(s) =
∞∑

n=1

ane
−λns

converges on <(s) > R ∈ R, and the series has an analytic continuation to a neighbour-
hood of R. Then it converges for <(s) > R− ε for some ε > 0.

Proof. We may assume that R = 0. Then f is analytic on <(s) > 0 and on a disc around
0, so analytic on a disc of radius 1 + ε around s = 1.

Therefore, its Taylor series around 1 converges on −ε.

f(−ε) =
∞∑

k=0

1
k!

(−1)k(1 + ε)kf (k)(1)
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converges and

f (k)(s) =
∞∑

n=1

an(−λn)ke−λns

for <(s) > 0, where term-by-term di�erentiation is justi�ed by local uniform conver-
gence. So

(−1)kf (k)(1) =
∞∑

n=1

anλ
k
ne
−λn

is a convergent series with positive terms. Hence

f(−ε) =
∞∑

k=0

1
k!

(−1)k(1 + ε)k
∞∑

n=1

an(−1)kλk
ne
−λn

=
∑
k,n

anλ
k
ne
−λn

1
k!

(1 + ε)k

is a convergent series with positive terms, so a rearrangement of terms is possible,

=
∞∑

n=1

ane
−λneλn(1+ε)

=
∞∑

n=1

ane
λnε.

The right-hand side is a convergent series so the series expression of f at −ε converges,
and hence by Proposition 3.2 on <(s) > −ε as well.

Proposition 3.4. (i) If an are bounded then the series
∑ an

ns converges absolutely
for <(s) > 1.

(ii) If the partial sums
∑M

n=N an are bounded then the series above converges on
<(s) > 0.

Proof. (i)
∑ 1

nx converges for x > 1, x real.
(ii) Exercise using Abel's Lemma. (First reduce to s ∈ R, by Proposition 3.2.)

3.2 Dirichlet L-Functions

De�nition. Let N ≥ 1 be an integer and let

ψ : (Z/NZ)× → C×

be a group homomorphism. Extend ψ to a function ψ : Z → C

ψ(n) =

{
ψ(n mod N) (n,N) = 1
0 otherwise

.

Such a function is called a Dirichlet character modulo N . Its L-series, or L-Function,
is

LN (ψ, s) =
∞∑

n=1

ψ(n)n−s.



24 L-Series

Remark. (i) ψ : (Z/NZ)× → C× is often referred to as a Dirichlet character.
(ii) Note that ψ : (Z/NZ)× → C× is a 1-dimensional representation of (Z/NZ)×.

Number theorists have the habit of calling 1-dimensional representations charac-
ters.

Lemma 3.5. Let ψ be a Dirichlet character modulo N . Then the following hold:

(i) ψ(a+N) = ψ(a), i.e., ψ is periodic.
(ii) ψ(ab) = ψ(a)ψ(b), i.e., ψ is strictly multiplicative.
(iii) The L-series of ψ converges absolutely on <(s) > 1 and there it satis�es

LN (ψ, s) =
∏

p primes

1
1− ψ(p)p−s

.

Remark. This expression is called the Euler product for ψ.

Proof. (i) X
(ii) X
(iii) The coe�cients of LN (ψ, s) are ψ(n) so are bounded, hence by Proposition 3.4 (i)

we have absolute convergence on <(s) > 1. For <(s) > 1,
∞∑

n=1

ψ(n)n−s =
∏

p prime

(1 + ψ(p)p−s + ψ(p)2p−2s + · · · )

=
∏

p prime

1
1− ψ(p)p−s

where the expansion is justi�ed by absolute convergence.

Remark. ψ : (Z/NZ)× → C× with ψ(n) = 1 for all n ∈ (Z/NZ)× gives the trivial
Dirichlet character modulo N . In this case,

LN (ψ, s) = ζ(s)
∏
p|N

p prime

(1− p−s)

where ζ(s) is the Riemann zeta function.

Theorem 3.6. Let N ≥ 1 and ψ : (Z/NZ)× → C×.

(i) If ψ is the trivial character then LN (ψ, s) has an analytic continuation to <(s) > 0
except for a simple pole at s = 1.

(ii) If ψ is non-trivial then LN (ψ, s) is analytic on <(s) > 0.

Proof. (i) Follows from the last remark and that ζ(s) has an analytic continuation to
C, except for a simple pole at s = 1.

(ii)

A+N−1∑
n=A

ψ(n) =
∑

n∈(Z/NZ)×

ψ(n)

= 〈ψ, I〉
= 0

as ψ 6= I. So the sums
∑B

n=A ψ(n) are bounded, and the result follows from
Proposition 3.4 (ii).
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Theorem 3.7. Let ψ be a non-trivial Dirichlet character modulo N . Then

LN (ψ, 1) 6= 0.

Proof. Let

ζN (s) =
∏

χ : (Z/NZ)×→C×
LN (χ, s)

for <(s) > 1. Suppose that LN (ψ, 1) = 0. Then ζN (s) has an analytic continuation
to <(s) > 0 by Theorem 3.6, the pole from LN (I, s) having been killed by the zero of
LN (ψ, s) at s = 1.

On <(s) > 1, ζN (s) has the absolute convergent Euler product

ζN (s) =
∏
χ

∏
p prime

1
1− χ(s)p−s

=
∏

p prime
p-N

∏
χ

1
1− χ(p)p−s

.

Now ∏
χ

(1− χ(p)X) = (1−Xfp)φ(N)/fp

where fp is the order of p modulo N and φ is the Euler totient function.

[Indeed, χ(p) takes values that are fpth roots of unity, each occurring the same number
of times; �nally

fp−1∏
i=0

(1− ζi
fp
X) = 1−Xfp .

]

So on <(s) > 1, ζN (s) has Dirichlet series obtained by expanding

ζN (s) =
∏
p-N

(1 + p−fps + p−2fps + p−3fps + · · · )φ(N)/fp .

By Proposition 3.3, as this series has positive coe�cients and an analytic continuation
to <(s) > 0 it must converge in that region.

But the above series dominates∏
p-N

(1 + p−φ(N)s + p−2φ(N)s + p−3φ(N)s + · · · )

for s ∈ R, s ≥ 0, which is the Dirichlet series of LN (I, φ(N)s) which diverges when
s = 1

φ(N) . Contradiction.

Example. Let N = 10, so Z/NZ)× = {1, 3, 7, 9} ∼= C4, take ψ : (Z/10Z)× → C×,

ψ(1) = 1, ψ(3) = i, ψ(7) = −i, ψ(9) = 1.

Then

L10(ψ, s) = 1 +
i

3s
− i

7s
− 1

9s
+

1
11s

+
i

13s
− i

17s
− 1

19s
+ · · · .
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3.3 Primes in Arithmetic Progression

Proposition 3.8. Let ψ be a Dirichlet character modulo N .

(i) The Dirichlet series ∑
primes p

n≥1

ψ(p)n

n
p−ns

converges absolutely on <(s) > 1 to an analytic function, and de�nes (a branch
of) logLN (ψ, s) there.

(ii) If ψ is a non-trivial character then∑ ψ(p)n

n
p−ns

is bounded as s→ 1. If ψ = I then∑ ψ(p)n

n
p−ns ∼ log

1
s− 1

as s→ 1.

Proof. (i) The series has bounded coe�cients so converges absolutely on <(s) > 1 to
an analytic function by Proposition 3.4 (i).
Take a branch of the logarithm with

log(1 + x) = x− x2

2
+
x3

3
− · · ·

for small x. Then

logLN (ψ, s) = log
∏
p

1
1− ψ(p)p−s

.

By continuity of the logarithm and convergence of the Euler product,

=
∑

p

log
1

1− ψ(p)p−s

=
∑

p

(
ψ(p)p−s +

ψ(p)2p−2s

2
+
ψ(p)3p−3s

3
+ · · ·

)
=

∑
p,n

ψ(p)n

n
p−ns.

(ii) Follows from Theorem 3.7. If ψ is non-trivial then L(ψ, s) converges to a non-zero
value as s→ 1, hence its logarithm is bounded near 1.
L(I, s) has a simple pole at s = 1, hence L(I, s) ∼ λ

1−s , so logL(I, s) ∼ 1
s−1 as

s→ 1.

Corollary 3.9. If ψ is non-trivial then
∑

p prime ψ(p)p−s is bounded as s → 1. If ψ is

trivial then
∑
ψ(p)p−s =

∑
p-N p−s ∼ log

(
1

s−1

)
as s→ 1. In particular, it converges to

∞.
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Proof. ∑
p

ψ(p)p−s = logLN (ψ, s)−
∑
n≥2

p prime

ψ(p)n

n
p−ns

so it su�ces to prove that the last term is bounded on <(s) > 1. But on <(s) > 1,∣∣∣∣ ∑
n≥2

p prime

ψ(p)n

n
p−ns

∣∣∣∣ ≤ ∑
n≥2

p prime

∣∣∣ψ(p)n

n
p−ns

∣∣∣
≤

∑
p-N
n≥2

∣∣∣ 1
pns

∣∣∣
≤

∑
p

1
|ps|

(
|ps| − 1

)
≤

∑
p

1
p(p− 1)

≤ 2
∑
k∈N

1
k2

<∞

Theorem 3.10 (Dirichlet's Theorem on Primes in Arithmetic Progressions). Let a,N ≥
1 be coprime. Then there are in�nitely many primes p with p ≡ a (mod N). Moreover,
if Pa is the set of these primes then∑

p∈Pa

1
ps
∼ 1
φ(N)

log
1

s− 1

as s→ 1.

Proof. Notice that the �rst statement follows from the second. Let Ca be the class
function Ca : (Z/NZ)× → C×,

Ca(n) =

{
1 n = a

0 n 6= a
.

So ∑
p∈Pa

1
ps

=
∑

p prime

Ca(p)p−s.

Now write Ca as a sum of Dirichlet characters.

〈Ca, χ〉 =
1

φ(N)

∑
n∈(Z/NZ)×

Ca(n)χ(n)

=
χ(a)
φ(N)

.

Hence Ca =
∑

χ
χ(a)
φ(N)χ. So∑

p∈Pa

1
ps

=
∑
χ

χ(a)
φ(N)

∑
p prime

χ(p)p−s.
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Each term on the right-hand side is bounded as s→ 1 except for the contribution from
χ = I, so ∑

p∈Pa

1
ps
∼ 1
φ(N)

∑
p-N

p−s ∼ 1
φ(N)

log
1

s− 1

as s→ 1 by Corollary 3.9.

3.4 Dirichlet Characters

Recall that

(Z/NZ)× ∼−→ Gal
(
Q(ζN )/Q

)
a 7→ σa σa(ζN ) = ζa

N

p 7→ σp σp(ζN ) = ζp
N

If Q is a prime of Q(ζN ) above p - N then σP = FrobQ/P .

Notation. If F/K is a Galois extension of number �elds with Gal(F/K) abelian, and
P is a prime of K unrami�ed in F/K, write FrobP ∈ Gal(F/K) for the Frobenius
element of any prime above P , independent of Q above P as the decomposition groups
are conjugate, and I = 1 as P is unrami�ed.

Theorem 3.11 (Hecke, 1920, Class Field Theory). Let F/K be a Galois extension
of number �elds with Gal(F/K) abelian, and ψ : Gal(F/K) → C× a homomorphism.
Then

L∗(ψ, s) =
∏

p primes of K
unrami�ed in F/K

1
1− ψ(FrobP )N(P )−s

has an analytic continuation to C, except for a simple pole at s = 1 when ψ = I.

Proof. Omitted.

Remark. When K = Q, F = Q(ζN ) this recovers Theorem 3.6, and more.

3.5 Artin L-Functions

Notation. If I ≤ D are �nite groups, ρ a D-representation, write

ρI = {v ∈ ρ : ∀g ∈ I gv = v}

for the subspace of I-invariant vectors.

Remark. If I / D then ρI is a D-subrepresentation. If v ∈ ρI , g ∈ D, i ∈ I then

i(gv) = g(i′v) = gv

for some i′ ∈ I, so gv ∈ ρI .
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De�nition. Let F/K be a Galois extension of number �elds, let ρ be a Gal(F/K)-
representation. Let P be a prime of K, and choose Q a prime of F above K, choose
FrobP to be an element of DQ/P which in DQ/P /IQ/P is FrobQ/P , i.e., FrobP acts on
the residue �eld as Frobenius. Then the local polynomial of ρ at P is

PP (ρ, T ) = PP (F/K, ρ, T )

= det
(
1− T FrobP

∣∣ ρIP
)

where IP = IQ/P and the right-hand side is det(1−T FrobP ) acting at
(
ResGal F/K

DQ/P
ρ
)IP .

Lemma 3.12. PP (ρ, T ) is independent of the choice of Q and FrobP .

Proof. For �xed Q, independence of choice of FrobP is clear: another choice di�ers by
an element of IQ/P which acts as the identity at ρIQ/P .

If Q′ = gQ is another prime, g ∈ Gal(F/K), then we can take Frob′P for Q′ to be
g FrobP g

−1 and observe that eigenvalues (with multiplicities) of g FrobP g
−1 on ρgIP g−1

agree with eigenvalues of FrobP on ρIP , so have the same minimal polynomial and hence
give the same local factors.

De�nition. Let F/K be a Galois extension of number �elds, and ρ be a Gal(F/K)-
representation. The Artin L-function of ρ is de�ned by the Euler product

L(F/K, ρ, s) = L(ρ, s) =
∏

K prime of K

1
PP (ρ,N(P )−s

.

The polynomial PP (ρ, T ) has the form 1− (aT + bT 2 + · · ·+ zT dim ρI
), so we can write

1
PP (ρ, T )

= 1 + (aT + bT 2 + · · · ) + (aT + bT 2 + · · · )2 + · · ·

= 1 + aPT + aP 2T 2 + aP 3T 3 + · · · .

Formally, substituting this into the above product gives the series expression (Artin
L-series)

L(ρ, s) =
∏
P

(1 + aPN(P )−s + aP 2N(P )−2s + · · · )

=
∑

(0) 6=N⊂OK
N ideal

aNN(N)−s

for some aN ∈ C.

Note that grouping ideals with equal norm yields an expression for L(ρ, s) as an ordinary
Dirichlet series.

Lemma 3.13. The L-series expression for L(ρ, s) agrees with the Euler product on
<(s) > 1, where both converge absolutely to an analytic function.
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Proof. It su�ces to check that the double series∏
P

(1 + aPN(P )−s + aP 2N(P )−2s + · · · )

converges absolutely on <(s) > 1 � this justi�es both the Euler product and the series
expressions on <(s) > 1, then the analyticity follows from the expression of L(ρ, s) as
an ordinary Dirichlet series by Proposition 3.2.

The polynomial PP (ρ, T ) factorises over C as

PP (ρ, T ) = (1− λ1T ) · · · (1− λkT )

with |λi| = 1 and k ≤ dim ρ. So the coe�cients of

1
PP (ρ, T )

=
1∏

i(1− λiT )
= 1 + aPT + aP 2T 2 + · · ·

are bounded in absolute value by those of

1
(1− T )dim ρ

= (1 + T + T 2 + · · · )dim ρ.

Hence ∏
P prime above p

∑
j≥0

|aP j ||N(P )−js| ≤
(

1
(1− p−σ)dim ρ

)[K:Q]

where σ = <(s) and we note a(1) = 1, whence

∏
P

∑
j≥0

|aP j ||N(P )−js| ≤
(∏

p

1
1− p−σ

)(dim ρ)[K:Q]

= ζ(s)(dim ρ)[K:Q]

as <(s) > 1.

Example. (i) LetK = Q, F arbitrary, ρ = I. Then for a prime P = (p) ofK, ρIP = ρ
and FrobP acts as the identity on ρIP . So PP (ρ, T ) = det(1− T |I) = 1− T . Thus
L(I, s) =

∏
p

1
1−p−s = ζ(s).

(ii) Let K,F be arbitrary, ρ = I. Then

L(I, s) =
∏
P

1
1−N(P )−s

= ρK(s)

the Dedekind ρ-function of K.
(iii) Let K = Q, F = Q(ζN ), where N is prime, and ρ 1-dimensional nontrivial. Then

L(ρ, s) = LN (ψ, s)

where ψ is the Dirichlet character modulo N de�ned by ψ(n) = ρ(σn) where
σn ∈ Gal

(
Q(ζN )/Q

)
wich σnζN = ζn

N .

Notation. If ρ : G→ GLn(C) is a representation then write

Tr
(∑

λigi

∣∣∣ ρ) = Tr
(∑

λiρ(gi)
)

=
∑

λiχρ(gi),

det
(∑

λigi

∣∣∣ ρ) = det
(∑

λiρ(gi)
)
.
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3.6 Properties of Artin L-Functions

Proposition 3.14. Let F/K be a Galois extension of number �elds and ρ be a repre-
sentation of Gal(F/K).

(i) If τ is another Gal(F/K)-representation then

L(ρ⊕ τ, s) = L(ρ, s)L(τ, s).

(ii) If N / Gal(F/K) and ρ is trivial on N so ρ comes from a representation ρ′ of
Gal(F/K)/N ∼= Gal(FN/K) then

L(F/K, ρ, s) = L(FN/K, ρ′, s).

(iii) (Artin Formalism) If ρ = IndGal(F/K)
H τ for some H ≤ G, τ an H-representation

then

L(F/K, ρ, s) = L(F/FH , τ, s).

Proof. It is su�cient to check each statement prime-by-prime for the local polynomials.

(i) Observe (ρ⊕ τ)IP = ρIP ⊕ τ IP .

(ii) Straight from the de�nition. Observe that Frobenius for F/K projects to Frobenius
for FN/K and similarly for inertia.

(iii) Let S1, . . . , Sk be the primes of FN above P and take Qi to be a prime of F above
Si, say Q = Q1, Qi = xiQ for some xi ∈ Gal(F/K).

F

G=Gal(F/K)

Q1 . . . Qk

FN

@@
@@

@@

������
S1

@@
@@

@@
. . . SK

~~
~~

~~

K P

It remains to show that

det
(
1− T FrobQ/P

∣∣ (IndG
H τ)IQ/P

)
=

∏
Si

det
(
1− T fQi/P FrobQi/Si

∣∣ τ IQi/Si

)
.

Step 1. Assume there is a unique prime in F above P . Note that it su�ces to show
the equality when τ is irreducible. Write IndG

H τ =
⊕

i σi, where σi are irreducible
representations of G.

• If τ IQ/S = 0 then IQ/S acts non-trivially on τ , so by Frobenius reciprocity IQ/P acts

non-trivially onσi and 〈σi, Ind τ〉 = 〈Resσi, τ〉. Then σ
IQ/P

i = 0 so (Ind τ)IQ/P = 0,
and now the result is trivial.

• If τ IQ/S 6= 0 then IQ/S acts trivially on τ , so τ is 1-dimensional, τ(IQ/S) = 1,
τ(FrobQ/S) = ζn, say. So

det
(
1− T FrobQ/S

∣∣ τ IQ/S
)

= 1− ζnT
f .
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The σi on which IQ/P acts non-trivially have σ
IQ/P

i = 0 so do not contribute. The
rest are 1-dimensional, σi(IQ/P ) = 1 and σi(FrobQ/P ) = ζni , say. Observe

Frob
fS/P

Q/P = FrobQ/S

up to inertia, so by Frobenius reciprocity, for each primitive (nfSi/P )th root of

unity ζnfSi/P
, with ζ

fSi/P

nf = ζn, exactly one such σi occurs in IndG
H τ =

⊕
σi.

Therefore,

det
(
1− FrobQ/P

∣∣ (Ind τ)IQ/P
)

=
∏

(1− ζnfS/P
T ) = 1− ζnT

fS/P .

Step 2. General case.

PP (Ind τ, T ) = det
(
1− T FrobQ/P

∣∣(ResG
DQ/P

IndG
H τ)IQ/P

)
= det

(
1− T FrobQ/P

∣∣∣ (⊕
xi

Ind
DQ/P

x−1
i Hxi∈DQ/P

Resx−1
i Hxi

x−1
i Hxi∩D

τxi

)IQ/P
)

=
∏
Si

det
(
1− T FrobQ/P

∣∣∣ (
Ind

DQ/P

x−1
i DQi/Si

xi
Resx−1

i DQi/Si
xi
τxi

)IQ/P
)

=
∏
Si

det
(
1− T FrobQ/P

∣∣∣ (
Ind

DQi/P

DQi/Si
ResH

DQi/Si
τ
)IQi/P

)
hence, by Step 1,

=
∏
Si

det
(
1− T fSi/P FrobQi/Pi

∣∣∣ (
ResH

DQi/Si
τ
)IQi/Si

)
=

∏
Si

PSi(τ, T
fSi/P )

Proposition 3.15 (Artin's Theorem). Let G be a �nite group, ρ a G-representation.
Then there are cyclic subgroups Hi,H

′
j ≤ G and 1-dimensional representations τi, τ

′
j of

Hi,H
′
j such that

ρ⊕n ⊕
⊕

i

IndG
Hi
τi =

⊕
j

IndG
H′

j
τ ′j .

If 〈ρ, I〉 = 0 then τi can be chosen to be non-trivial.

Proof. Slightly non-trivial exercise.

Theorem 3.16 (Artin). Let F/K be a Galois extension of number �elds and ρ a repre-
sentation of Gal(F/K). Then there exists n ≥ 1 such that L(ρ, s)n admits a meromor-
phic continuation to C, analytic and non-zero at s = 1 if 〈ρ, I〉 = 0.

Proof. Proposition 3.15 and Artin Formalism reduce the problem to showing that L(τ, s)
has analytic continuation to C when τ is 1-dimensional, except possibly a pole at s = 1
when τ = I.
This is true by Hecke's Theorem and the fact that only �nitely many primes ramify in
any extension of number �elds, and L(τ, s) is non-zero at s = 1.
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Corollary 3.17. If ρ is irreducible and non-trivial then L(ρ, s) is bounded and non-zero
near s = 1.

Proof. Observe if F/K is cyclic then this is true by Theorem 3.11.

Conjecture. If ρ is irreducible and non-trivial then L(ρ, s) has analytic continuation
to C.

Remark. Theorem 3.16 implies that L(ρ, s)n is meromorphic. A theorem of Brauer
states that L(ρ, s) is meromorphic.

3.7 Density Theorems

De�nition. Let S be a set of prime numbers. Then S has Dirichlet density α if∑
p∈S

1
ps

log 1
s−1

→ α

as s→ 1 from above in R.

Example. By Dirichlet's Theorem (Theorem 3.10), the set of all primes has density 1
and Sa,N = {p : p ≡ a (mod N)} has density 1/φ(N) for a and N coprime.

Notation. For F/Q Galois and P unrami�ed in F , write FrobP ∈ Gal(F/Q) for the
Frobenius element FrobQ/P of some Q above P . Note that FrobP lies in a well-de�ned
conjugacy class of Gal(F/Q), because FrobQ′/P = xFrobQ/P x

−1 where Q′ = xQ for
some x ∈ Gal(F/Q).

Example. F = Q(ζN ) and σa ∈ Gal(F/Q) with σa(ζN ) = ζa
N then, for p - N , FrobP =

σa if and only if p ≡ a (mod N), because FrobP (ζN ) = ζp
N .

So by Dirichlet's Theorem, the set SN,σ = {p unrami�ed in Q(ζN )/Q : Frobp = σ} has
Dirichlet density 1/φ(N) = 1/|Gal

(
Q(ζN )/Q

)
| for every σ ∈ Gal

(
Q(ζN )/Q

)
.

Theorem 3.18 (Chebotarev's Density Theorem). Let F/Q be a �nite Galois extension
and C a conjugay class in G = Gal(F/Q). Then the set SC = {p unrami�ed in F/Q :
Frobp ∈ C} has Dirichlet density |C|/|G|.

Corollary 3.19. Let f(X) ∈ Z[X] be monic and irreducible. Then the set of primes
p such that f(X) (mod p) factorises into irreducible polynomials of degrees d1, . . . , dn

has Dirichlet density

|{g ∈ Gal(f) with cycle type (d1, . . . , dn) in the action on roots}|
|Gal(f)|

.

Proof. f(X) (mod p) has a repeated root in F̄p for only �nitely many p. For the rest,
Frobp acts as an element of cycle type (d1, . . . , dn) where these are the degrees of the
irreducible factors of f(X) (mod p), by Corollary 2.5 and its proof.

Example. Suppose f(X) is an irreducible quintic with Gal(f) = S5.
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• The set of primes such that f(X) (mod p) is a product of linear factors has density
1/120.

• The set of primes such that f(X) (mod p) factorises into a cubic and a quadratic
has density

1
|S5|

|{elements of the form (··)(· · ·) in S5}| =
20
120

=
1
6
.

Corollary 3.20. If f(X) ∈ Z[X] is monic and irreducible with deg f(X) ≥ 2 then f(X)
(mod p) has no root in Fp for in�nitely many primes p.

Proof. It su�ces to prove that there exists a g ∈ Gal(f) that �xes no root of f(X). But⋃
α:f(α)=0 StabGal(f)(α) is smaller than Gal(f) as each has size |Gal(f)|/|{α : f(α) = 0}|

and contains the identity element.

Proof of Theorem 3.18. (i) By Example Sheet 1 Question 9, only �nitely many primes
ramify in F/Q. By Corollary 3.17, if ρ 6= I is an irreducible representation of G
then

L∗(ρ, s) =
∏

p unrami�ed

Pp(ρ, p−s)−1

is bounded and bounded away from zero near s = 1.

(ii) Write χρ for the character of ρ, which is irreducible, and set

fρ(s) =
∑

p unrami�ed

χρ(Frobp)p−s.

Then ∑
p∈SC

p−s =
∑

p unrami�ed

Cc(Frobp)p−s

=
∑

ρ irreducible

〈Cc, χρ〉fρ(s)

=
|C|
|G|

fI(s) +
∑
ρ 6=I

〈Cc, χρ〉fρ(s)

where Cc(g) is 1 if g ∈ C and 0 otherwise. Now fI(s) ∼ log
(

1
s−1

)
as s → 1 by

Theorem 3.10 and the �rst part, so it su�ces to prove that fρ(s) is bounded as
s→ 1 for all irreducible ρ 6= I.

(iii) If p is unrami�ed and λ1, . . . , λd are the eigenvalues (with multiplicity) of Frobp

on ρ, then

log
1

Pp(ρ, p−s)
= log

1∏
i(1− λip−s)

=
∑

i

log
1

1− λip−s

=
(∑

λi

)
p−s +

1
2

(∑
λ2

i

)
p−2s + · · ·

= χρ(Frobp)p−s +
1
2
χρ(Frob2

p)p
−2s + · · · .
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The Dirichlet series ∑
p unrami�ed

∑
n≥1

χρ(Frobn
p )

n
p−ns

has bounded coe�cients, so by Proposition 3.8 and its proof de�nes an analytic
branch of logL∗(ρ, s) on <(s) > 1; by the �rst part, it must be bounded as s→ 1
on <(s) > 1.

3.8 Appendix (Local Fields)

De�nition. A place v in a number �eld K is an equivalence class of non-trivial absolute
values.

There are two types: In�nite places, i.e., archimedean absolute values, come from em-
beddings K → R or K → C and take

|x|v =

{
|x| K → R
|x|2 K → C

.

We note that complex conjugate embeddings give rise to the same absolute values. In
fact, this is the only case when two of these embeddings give equivalent absolute values,
and these are all the archimedean absolute values on K up to equivalence. The number
of in�nite places is r1 + r2.

Finite places, i.e., non-archimedean absolute values, correspond to primes inK as follows.
If P is a prime, set |x|P = N(P )− ordP (x) where ordP (x) is, for x ∈ OK , the power of P
in the factorisation of (x) and extend this multiplicatively to K∗. It is a fact that these
are inequivalent for di�erent P and give all the non-archimedean absolute values up to
equivalence.

Note that |·|v makes K a metric space and its completion Kv is a complete local �eld.

Henceforth assume that v is �nite.

Example. • If K = Q and v corresponds to P = (p) then |·|v = |·|p and Kv = Qp.
• If K is a number �eld and v corresponds to Q above p ∈ Q then |·|v restricted to

Q is equivalent to |·|p. Therefore, Kv is a �nite extension of Q.

3.8.1 Residue �elds and rami�cation

We consider the following setting. LetK be a number �eld, v a �nite place corresponding
to Q and Kv its completion. Moreover, let OKv be its valuation ring and Mv its unique
maximal ideal. Finally, O×

Kv
is the set of units in OKv and kv = OKv/Mv the residue

�eld.

We observe that if Q ⊂Mv and OK ⊂ OKv then the map

OK/Q→ OKv/Mv = kv

is injective, as it is between �elds, and surjective, as every element of Kv can be approx-
imated by an element of K. Thus OK/Q ∼= kv.
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Let L/K be a �nite extension of number �elds and suppose that R lies above Q with
place w corresponding to R. One can check that |·|w extends |·|v. Then Lw/Kv is a
�nite extension and, by comparing valuations,

eR/Q = ew/v, fR/Q = fw/v.

3.8.2 Galois groups

Suppose that F/K is a Galois extension of number �elds and let Q be a prime above P
with corresponding places w and v.

If g ∈ Gal(F/K) preserves Q, i.e., g ∈ DQ/P , then g preserves |·|w so g is also a
topological automorphism, so g extends to an automorphism of Fw. Therefore, we have
a map

DQ/P → Gal(Fw/Kv)

which is clearly injective. The crucial fact is that it is also surjective. This is because
|DQ/P | = eQ/P fQ/P = ew/vfw/v = [Fw : Kv] = |Gal(Fw/Kv)|.
We observe also that we have an isomorphism IQ/P → Iw/v, as both act trivially on the
residue �eld and have the same size.

3.8.3 Applications

Proposition 3.21 (Proposition 1.22 revisited). If f(X) ∈ OK [X] is Eisenstein with
respect to P and α is a root of f , then K(α)/K has degree deg(f) and P is totally
rami�ed in K(α)/K.

Proof. Translate the corresponding fact about local �elds.

Proposition 3.22. Decomposition groups (in number �elds) are soluble.

Proof. It agrees with the Galois group of �nite extensions of Qp. (Here I / G with G/I
cyclic, I1 / I with I/I1 cyclic and I1 is a p-group.)

Example. Suppose we are looking for a tower of extensions F/Q(ζ3)/Q such that F/Q
is Galois with Gal(F/Q) ∼= C4. This is impossible.

Proof. First observe that 3 rami�es in Q(ζ3)/Q. Then 3 is totally rami�ed in F/Q
because the inertia group has to be all of C4. Considering the completions, Fv/Q3 is
totally rami�ed and Galois with Gal(Fv/Q3) ∼= C4. But this is a totally and tamely
rami�ed extension. Therefore, Gal(Fv/Q3) ↪→ F×3 , a contradiction.
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